
Journal of Communication Engineering, Vol. 8, No. 1, January-June 2019 67 
  

 
Manuscript received 1-Oct.-2018 and revised 3-Jan.-2019,                                                                                                 P- ISSN: 2322-4088 
Accepted on 7- April-2019                                                                                  E- ISSN: 2322-3936 

Covariance Analysis of a Vector Tracking 
GPS Receiver based on MMSE Multiuser 

Detection 
 
  

T. Shojaeezand1 , Gh. Mohamadkhani1 , P. Azmi2 and Sh. Amiri1 

1 Department of Electrical Engineering and Information Technology, IROST (Iranian Research Organization 
for Science and Technology), Tehran, Iran 

2 Faculty of Electrical & Computer Engineering, Tarbiat Modares University, Tehran, Iran 
t.shojaeezand@gmail.com , gh.mohamadkhani17@gmail.com , pazmi@modares.ac.ir , amiri@irost.ir 

Corresponding author: Gh. Mohamadkhani 
 

 
 

Abstract- In high dynamic conditions, using vector tracking loops 
instead of scalar tracking loops in GPS receivers is proved as an 
efficient method to compensate the performance.  The Minimum Mean 
Squared Error detector as a multiuser detector is applied in the vector 
tracking loop for more reliability and efficiency. The Kalman filter does 
the two tasks of tracking and extracting the navigation data after 
applying the multiuser detection on the correlator outputs. The 
covariance analysis is performed to study the effect of applying a 
multiuser detector along with a vector tracking loop against the 
conventional one. The covariance analysis is performed and the 
variance in the pseudorange-rate estimates produced by the two 
architectures of conventional vector tracking and the one with multiuser 
detector are used as the performance criteria. The steady state, state 
covariance of the Kalman filter of vector tracking loop is calculated. 
Comparing the psuedorange rate variances obtained from covariance 
analysis of each method shows improved performance of the new joint 
receiver of vector and multiuser detector. 
 
Index Terms- Covariance Analysis, GPS, MMSE, Vector Tracking.  

 
 

I. INTRODUCTION 

Vector tracking loops in Global Positioning System (GPS) receivers are powerful method in special 

situations such as high dynamic and low Signal to Noise ratios (SNRs). GPS receivers in vector mode 

use a Kalman filter as the main part and the two tasks of tracking the signal and estimating the 

position, etc are done simultaneously in this central filter. The vector tracking method is one of the 

best methods that is mostly used in this condition along with some other methods such as using phase 

and frequency tracking loops together, a Kalman filter to help the tracking loop, and some other 
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methods stated in references [1]–[4]. 

In GPS systems like the other Code Division Multiple Access (CDMA) systems we encounter some 

problems, such as multiple access interference and near-far problems. CDMA systems use multiuser 

detectors in the receiver as a conventional way to overcome these issues. So it seems that applying a 

kind of multiuser detector beside the vector tracking method will help the GPS receiver in high 

dynamic conditions for more accuracy and high sensitivity. On the other hand as stated in some 

papers [5]-[7], cross correlation mitigation of GPS signals is a way to improve the sensitivity and 

precision of the tracking, and of course multiuser techniques help the cross correlation mitigation 

process in this regard. Minimum Mean Squared Error (MMSE) is a conventional multiuser detector in 

CDMA systems, that was used along with vector tracking loop in the software GPS receiver that 

presented in [8] to have its advantages in high dynamic situations. 

In the stated system of [8], we investigated the performance of the new proposed system by 

calculating the variance of the parameter of code phase error that is an important parameter for 

calculating the estimated pseudo-range error. Here in this paper we considered the performance of the 

system in another way and with another important parameter of state covariance of the Kalman filter 

that shows the error covariance matrix of the system. Actually we study the effect of the new added 

block in the Kalman filter. The Kalman filter has a key role in designing vector tracking loops in GPS 

receivers as it helps to combine the two tasks of signal tracking and position/velocity estimation into 

one algorithm. The state covariance of  the Kalman filter along with process noise variances of the 

system are the base subject to compare the performance of the two architectures in concern. 

A covariance analysis of the Kalman filter is used to evaluate the effectiveness of the proposed 

receiver system of reference [8] and compare the performance of the system with a conventional 

vector tracking without applying any multiuser detector. The variances of the predicted pseudo-range 

rates are then compared. Variance is defined as a measure of risk an investor might assume when 

purchasing a specific security. So by comparing the variances of a basic parameter of the two methods 

we investigate the risk we encounter when adding an additional block to the receiver tracking loop. 

The paper is organized as follows: 

The second section fully describes the system with block diagram and the equations. Then the 

simulation that was performed is described in section III. The two other sections include the results 

and conclusions. 

II. SYSTEM DESCRIPTION 

The tracking loop of the GPS receiver is our discussion subject. The tracking loop is a vector 

tracking loop that is joined with a MMSE block of multiuser detector. Fig. 1 shows the diagram of a 

vector tracking loop joined with a MMSE multiuser detector block.  

The vector tracking loop, as explained in many articles [1], [9] and [10], has a central filter that  
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Fig. 1. Block diagram of a typical vector tracking loop Proposed method block diagram [8] 
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Fig. 2. Detailed block diagram of the Kalman filter  

 

does the two tasks of tracking and estimating the position simultaneously. As shown in the Fig. 1, at 

the input of each channel, the state of the Kalman filter (predicted pseudo-range) enters the tracking 

loop, and the outputs of each channel (pseudo-range residuals) are used as corrections of the state of 

the Kalman filter. It means that the states of the Kalman filter are used to control the code and carrier 

Numerically Controlled Oscillator’s (NCO) of each tracking loop channel and then the output of 

correlators in each channel is used to correct the Kalman filter state, and this process makes a 

vectortracking loop.  

This Kalman filter has the position and velocity as its inputs and returns the pseudo-range and 

pseudo-range rates residuals as the output, Fig. 2.  

When combining the vector tracking loop with a MMSE block, the outputs of correlators are first 

feed to the MMSE block and the MMSE output is used as the input of the Kalman filter. 

 The estimate of the transmitted bits in a MMSE detector is [11]: 
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Where iny  is the vector of inputs of the detector, R assumes to be the cross-correlation matrix of 

signature codes, ampA  is the amplitude matrix of the user’s received signals, and b is the vector of the 

transmitted bits and 2  is the variance of zero-mean Gaussian noise. So the MMSE block is specified 

by the M matrix as below 

]/[1 22  ampARM                                                          (5) 

The Kalman Filter here is specified with the pseudo-range state formulas. The pseudo-range  (range 

with error) and pseudo-range rate errors are the actual states of the pseudo-range state filter [12]. In 

the more general vector case, the performance of the Kalman filter estimate is characterized by an 

error covariance matrix denoted as kP  [13] and defined by 
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Where   and   are the pseudo-range and pseudo-range rate respectively. So the state vector of the 

Kalman filter is 
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Where  and   are the actual pseudo-range and pseudo-range rates respectively and the terms ̂  

and ̂  are the predictions quantity. 

The state system model is 
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Where A is the state transition matrix, 
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clkB  and clkw  are the clock process noise terms and statistics, 
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The values for 2
b and 2

d  are based on the rule of thumb numbers for a temperature 

compensated crystal oscillator (TCXO). dynB  and dynw  are the receiver dynamics process noise terms 

and statistics. 
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Where ax,i , ay,i and az,i are the components of the line-of-sight unit vector from the position of the 

receiver to the position of the ith available satellite.   
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III. SIMULATION 

In this paper, we perform a covariance analysis to compare a regular vector tracking loop and a 

vector tracking loop joined with the multiuser detector. To perform the covariance analysis, we 

calculated the of the steady state, state covariance for the two methods. The covariance matrix P is 

calculated through the Kalman filter formulas as follows [14],[15]: 
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kP  is the prior estimate of kP at time k , K is the Kalman gain, G is the measurement noise 

covariance that will be defined in the following paragraph and H is the transition matrix between the 

state vector and measurement vector and here is defined as NNI 22   where N is the number of satellites. 

The measurement noise covariance as a function of C/N0 ratio is [16]: 
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The covariance of the process noises dynw  and clkw  are [12] 
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ji,  is the dot product of the line of sight vectors for ith and jth satellites. For the MMSE joined 

method, the state of the Kalman filter that enters the tracking loop will be changed as follows: 

MAAnew .               (32) 

 
Where M shows the MMSE block role that was previously defined in equation (5) and is repeated 

here as: 

122 ][  ampARM               (33) 

 
Now we can calculate the covariance of the error states as the function of C/N0 for the two 

methods, and so we can compare the covariances across C/N0 changing. The parameters are set as 

below: 

x , y and z  are all set to 10 ݉ଶ ⁄ସݏ  and T, the predetection integration time is set to 20 ms. The 

data related to the constellation of the satellites and the satellites line of sight vectors of xa , ya  and 

za  are derived from GPS received data with 9 satellites in view [17] as follows: 

The Pseudo Random Noise  (PRN) of visible satellites are satellite number 4, 8, 11, 13, 17, 25, 26, 

27 and 28 and the line of site vectors are stated in Table I. 

IV. RESULTS 

The covariance analysis was performed in a MATLAB based program that calculates the error 

state covariances of the two explained methods for a range of C/N0 ratios. C/N0 is usually expressed 

in decibel-Hertz (dB-Hz) and refers to the ratio of the carrier power and the noise power per unit  
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TABLE I.  THE VISIBLE SATELLITES AND SATELLITES LINE OF SIGHT VECTORS. 
 

PRN 
xa  

ya  
za  

4 0.316199210 0.435193118 −0.8429857 

8 0.018343402 0.790366768 0.61235928 

11 −0.604302232 0.647242197 0.46464645 

13 0.001384195 0.57490726 −0.8182174 

17 0.632049540 0.75145293 0.18929308 

25 − 0.361358908 0.923876856 −0.1259813 

26 0.6998733785 −0.12472686 0.70329258 

27 −0.185419649 0.961945654 0.20069905 

28 0.3071187889 0.3359944443 0.89038519 

 

 
Fig. 3. Covariance Analysis of Vector Tracking method for one satellite (PRN 4). 

 

bandwidth. Typical values in an L1 C/A code GPS receiver, means GPS signal in  L1 frequency band 

(1575.42 MHz) and with the Coarse/Acquisition (C/A) PRN codes, that is related to our work are as 

follows: 

C/N0: ~ 37 to 45dB-Hz 

The following plots show the results of covariance analysis in MATLAB. In the plot of Fig. 3, the 

covariance analysis of the vector tracking method for a visible satellite is shown. The covariance of  

the method joined with MMSE for the same satellite is shown in Fig. 4. The covariances are shown in 

normalized format to compare them better. The reduction in covariance for the second method is 

obviously shown in Fig. 5 that the two methods are shown in one figure to compare the performance 

of the two architectures. To see the complete analysis process and to be more precise, Fig. 6 and Fig. 

7 show the results of covariance analysis of each architecture for all the nine visible satellites. 
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Fig. 4. . Covariance Analysis of Vector Tracking+MMSE method for one satellite (PRN 4). 

 

 

Fig. 5. Comparing the performance of two architectures of Vector Tracking(VT) and Vector Tracking joined with 
MMSE(VT+MMSE)for one visible satellite of PRN 4. 

 
Fig. 6. Covariance Analysis of Vector Tracking for all visible satellites 
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Fig. 7. Covariance Analysis of Vector Tracking + MMSE for all visible satellites 

 

V. DISCUSSION AND CONCLUSION 

The results confirm the use of MMSE for better performance gain. The results of variance 

comparison, show that in the case of using MMSE block in the vector tracking, we obtained smaller 

variances in the pseudo-range rates. Of course smaller variances means that applying multiuser 

detection helped the tracking loop for error reduction in tracking process and having more precise 

tracking results is important in some situation such as high dynamic and low SNR. The work done by 

Lashley [10] shows the same analysis for comparing the scalar and vector tracking loops. Here, the 

better tracking loop, means the vector tracking method, is improved in performance by applying a 

multiuser detector joined with the tracking loop. So using MMSE joined vector tracking loop has 

smaller variance of pseudo-range rate and therefore better performance in comparison to a 

conventional vector tracking loop. Of course investigation and analysis of some other parameters such 

as speed and complexity of the method to prove using MMSE block seems necessary that remains for 

future works. 
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