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Abstract- Using Multi-Criteria Decision-Making (MCDM) to solve complicated decisions often includes
uncertainty, which could be tackled by utilizing the fuzzy sets theory. Type-2 fuzzy sets consider more
uncertainty than type-1 fuzzy sets. These fuzzy sets provide more degrees of freedom to illustrate the uncertainty
and fuzziness in real-world production projects. In this paper, a new multi-criteria analysis model is introduced
based on new compromise ratio and relative preference relation methods by vicinity to positive ideal and
distance from negative ideal concepts under an interval type-2 fuzzy environment. Also, qualitative criteria are
expressed as linguistic variables. Relative preference relation is more reasonable than defuzzification, because
defuzzification cannot provide preference degree between two fuzzy numbers and cannot keep all the
information. In this paper, an extended relative preference relation over the average is presented to deal with
numeral values. Finally, a real application to designing and manufacturing of small electronic components,
particularly for the aviation, defense, and space industries, is adopted from the literature and solved to
determine the critical path by considering efficient criteria such as time, cost, risk, and quality.

Keywords: Multi-criteria decision-making (MCDM), Interval type-2 fuzzy sets (IT2FSs), Relative preference
relation, Compromise ratio method, Production projects, Critical path selection problem

. INTRODUCTION

The aim of multi-criteria decision-making is to choose the best candidate from a set of alternatives by means of
evaluating multiple criteria of the alternatives. In recent years, many extensions of MCDM methods have been presented
to project management problems (Chen & Chen, 2003; Yager & Xu, 2006; Fu, 2008). VIKOR method is categorized as
one of the multi-criteria decision making approaches. Vahdani et al. (2010) proposed a compromise solution method
based on traditional VIKOR method and the interval-valued fuzzy concept, aiming at solving MCDM problems in which
the weights of criteria were unequal. Cristobal (2011) presented VIKOR method for the selection of a renewable energy
project in Spain. Tavana et al. (2016) presented an extended VIKOR method using stochastic data and subjective
judgments.

In the classical MCDM approaches, ratings and weights of criteria are known precisely. In other words, the problem
is considered under certain environment. In real conditions of production projects, the decision environment is not certain
and it has vagueness and ambiguity. To address uncertainty, evaluation ratings and criteria weights in fuzzy MCDM
(FMCDM) problems are expressed by imprecision and vagueness. Furthermore, experts and decision makers (DMs) can
utilize linguistic variables by their own knowledge and experience. With this approach, they can have more realistic and
reasonable judgments and feelings. Sanayei et al. (2010) used fuzzy VIKOR for supplier selection by group decision-
making process. Shemshadi et al. (2011) presented a fuzzy VIKOR method for supplier selection based on entropy
measure for objective weights. Yicenur and Demirel (2012) expressed an extension of VIKOR method under a fuzzy
environment for group decision process in insurance company selection problem. Vahdani et al. (2010) developed an
interval-valued fuzzy VIKOR (IVF-VIKOR) to solve MCDM problems, in which the performance rating values as well
as the weights of criteria were linguistic terms that could be taken in interval-valued fuzzy numbers (IVFNS).
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The membership degree of type-1 sets is a crisp number between [0, 1]. However, we are usually encountered with a
situation where it is difficult to distinguish the precise membership function for a fuzzy set. Type-1 fuzzy sets are not
appropriate to use in such cases. To confront this problem, Zadeh (1975) suggested type-2 fuzzy sets (T2FSs), which were
the extension of type-1 fuzzy sets. T2FSs are qualified by means of both primary and secondary memberships to present
more degrees of freedom and flexibility, and they are regarded to be three-dimensional. T2FSs have the merit of modeling
uncertainty more accurately than type-1 fuzzy sets. IT2FSs can be viewed as a special case of general T2FSs in which all
the values of secondary membership are equal to 1. Accordingly, it not only demonstrates uncertainty better than type-1
fuzzy sets do, but also simplifies the computation compared with T2FSs. Chen and Lee (2010) presented fuzzy multiple
attributes group decision-making based on the ranking values and the arithmetic operations of IT2FSs; also, Chen and
Wang (2013) devised a fuzzy decision making system based on IT2FSs. Furthermore, Han et al. (2016) introduced a
group MCDM problem under triangular T2F numbers.

Defuzzification or fuzzy generalization has been utilized to generalize classical MCDM methods under fuzzy
environments to solve FMCDM problems. In fact, defuzzification causes loss of fuzzy messages. Fuzzy preference
relation is a new approach to resolve the above consideration, because it satisfies a total ordering relation for fuzzy
numbers and is more reasonable than defuzzification in ranking fuzzy numbers. In other words, defuzzification cannot
present preference degree between two fuzzy numbers and loses some messages of fuzziness (Wang, 2015a). Relative
preference relation has been used in several applications. For instance, Wang (2014) expressed a criteria-weighting
approach that combined the concepts of fuzzy quality function deployment and relative preference relation. With the
relative preference relation for fuzzy numbers, it was not necessary to multiply two fuzzy numbers to derive criteria
weights in fuzzy quality function deployment. Alternatively, adjusted criteria weights would substitute for original criteria
weights through relative preference relation (Wang, 2014). Additionally, Wang (2015b) developed a fuzzy MCDM model
based on simple additive weighting method and relative preference relation. FMCDM has widely been applied in the
related studies to project management; however, given the advantages of the relative preference relation, this concept is
still new in this field and has not been properly applied.

In regard to the new research on fuzzy production project management, Lin and Yao (2003) presented a fuzzy critical
path method based on signed-distance ranking and statistical confidence-interval estimates. Lacouture (2009) presented
construction project scheduling with time, cost, and material restrictions using fuzzy mathematical model and critical path
method. Khalaf (2013) introduced fuzzy project scheduling based on a ranking function and applied the method to Al-
SAMA project. Madhuri and Chandan (2016) applied a fuzzy critical path method to manufacturing tugboat, in which
linear programing model was used for determining critical path. Mehlawat and Gupta (2016) presented a new MCDM
method based on fuzzy preference relation to specify critical path for their case study, which was designing and
manufacturing of small electronic components, particularly for the aviation, defense, and space industries. Mohagheghi
et al. (2016) applied type-2 fuzzy sets to address R&D project portfolio selection. Mohagheghi et al. (2017) developed
type-2 fuzzy sets to address high and new technology project evaluation and selection.

In this paper, in order to improve the existing literature on FMCDM methods, a method is developed under IT2F
environment to address more uncertainty in real-world production projects. In other words, the rating of each activity and
the weight of each criterion are described by IT2FSs. Furthermore, defuzzification has several disadvantages; in fact, not
only it cannot present preference degree between two fuzzy numbers, but also it loses some messages of fuzziness. In this
paper, relative preference relation is presented to deal with the above-mentioned disadvantage of defuzzification. In fact,
in order to better address the uncertainty in ratings and weights of criteria in real-world projects, type-2 fuzzy sets are
used. Memberships of type-1 fuzzy set are crisp numbers, whereas the memberships of type-2 fuzzy sets are type-1 fuzzy
sets. Nevertheless, type-2 fuzzy sets provide additional degrees of freedom to tackle uncertainty. Moreover, MCDM
approach is used that presents a new compromise solution method by a group of experts or DMs to effectively solve the
evaluation and selection problems under a fuzzy environment. This method develops an appropriate solution that helps
the DMs to reach an acceptable compromise between the maximum group utility of the majority and the minimum
individual regret of the opponent. In other words, this MCDM method provides more degrees of freedom for the DM in
project management decisions. Also, in this paper, relative preference relation is developed under type-2 fuzzy sets and
applied to weights of criteria to avoid multiplying two fuzzy matrices. As a matter of fact, by means of relative preference
relation, the computation is done easier and faster. Table | shows the priorities of the proposed method in comparison
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with the recent research.

The novelties of this paper are the following:

e  To properly address the existing uncertainty in production project environments, 1T2FSs are applied. This
provides more flexibility and ability in expressing uncertainty and addressing vague decision making processes.

e A new extension of compromise ratio method under IT2FS uncertainty is expressed. This approach provides
decision-making problems with better ability in expressing uncertainty.

e To avoid disadvantages of defuzzification, such as loss of information, a new version of relative preference
relation is presented to determine weights of criteria.

The paper proceeds as follows. Section Il discusses the preliminary information and definitions of the applied methods
and tools, in addition to the developed IT2FSs based preference relation method. Section 111 introduces the proposed
method. Section IV presents a case study from the literature to illustrate applicability of the proposed method. In Section
V, sensitivity analysis is provided and, finally, Section VI concludes the study.

. PRELIMINARIES
A. Type-2 fuzzy sets
Type-2 fuzzy sets have a measure of dispersion, which depicts inherent uncertainties. These sets are especially useful
in uncertain situations where presenting the exact membership function of a fuzzy set is very difficult (Mendel, 2007).
General T2FSs are computationally intensive and this feature has made the application of IT2FSs more common (Kilic
& Kaya, 2015). In this section, the required basic knowledge of interval type-2 fuzzy sets is presented.

TABLE I. Literature review

Researcher Year Uncertainty Modeling approach Weighting
approach approach
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Lacouture et al. 2009 | V|V v
Amiri and Golozari 2011 | V| V|V |V |V v v
Khalaf 2013 | v v v
Madhuri and Chandan 2016 | v v v
Mehlawat and Gupta 2016 |V V|V Vv |V v v v
Proposed model SR2ARZAR% v v v v v
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where JX c [0,1] and ” denote union over all admissible x and u. An interval type-2 fuzzy set Aisa special
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case of a type-2 fuzzy set as given in Eq. (2):

R=]. L, o

where JX - [0,1].
The upper and lower membership functions of an interval type-2 fuzzy set are type-1 membership functions (Mendel
et al., 2006).

A trapezoidal IT2FS is illustrated  as ,&i =(Ai“,AiL)=((a].“1,ai“2,a1”3,a1”4;H1(,5\i” ),HZ(AiU ),
@,a,a,a,;H (A )H,(A") where A" and A’ are in fat type-l fuzzy sets.

2 i3 e i

a,l,a,z,a,a,a,4,a,1.a,2,a and a,4 are the reference points of the interval type-2 fuzzy set A H. (A ) denotes the

membership value of the element a 1+ I the upper trapezoidal membership function Ai 1<) <2, H, (Ai ) denotes
the  membership value of the element ajLM in the lower trapezoidal ~membership  function

A 1<) <2,H,(A”)e[0,1],H,(AY) e[0,1],H,(A") €[0,1],H,(A") €[0,1] and1<i <n (Chen & Lee,

2010). The membership function of a trapezoidal IT2FS is depicted in Fig (1).
Let A;and A, be two trapezoidal interval type-2 fuzzy numbers:

Ay = (A7, 47) = ((a11:a%’2;a¥3;a14' H,(AY), Hz(AU)) (a11;a12'a13'a14:H1(A ), Hz(AL))) 3)
A, = (AY,45)
= ((a%,a%,a%,a%@;Hl(Alzj),Hz(Alzj)) (‘121;‘122;‘123"12411‘11(14 ), Hy (A5 )))
The addition operation between them is defined as follows (Hu et al., 2013).
A1©A4; = (A7, AD) + (45, 4%)
= [(aﬂ + agp aijz + agz' a&, + ‘133' ‘15]4 + ‘134; H1(Al1]) + H1(Ag)
— Hy(AY). Hy (49), Hy (AY) + H(AY) — Hy(AY). Hy(4Y)), (aky + aby, ks (5)
+ aky, als + abs, aky + aby; Hy(AY) + Hy(A%) — Hy (A%). Hy(A%), Hy(4Y)
+ Hy(A5) — Hy(A%). Hy(45) )]

(4)

ulz)

By (AY )} ------ e
Hy(AY) floee e T
Hy(AE) p---- e :
Hy(AE) === f==r o q---Tm |
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Fig 1. Membership function of a trapezoidal interval type-2 fuzzy set

The subtraction operation is defined as follows (Hu et al., 2013):
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A © A, = (A7, 4%) — (49, 45)
= [(a% — a3y, af, — a3s,afs — ajy, afy — ay; Hl(Alf) + Hl(ﬁg)
— Hy(AY).H,(4Y), H,(AY) + H,(AY) — Ho(AY). Ho (AY )) ) (af1 —ab,, ak, (6)
— a3, af3 — a3;,af4 — A54; H1(Ali) + H1(Aé) - H1(A%)-H1(Aé)' HZ(AIf)
+ Hy(A5) — Hy(A%). Hy(45))]

The multiplication operation is defined as follows (Hu et al., 2013):
(s, xfp, xll, x¥ys Hy (AY). Hy (AY), Hy (AY). Hy (AD)),
(lel,xfz,le3,xf4; H,(AD).H,(A%), Hy (A}). H, (Aé))
Where x{; = min(al;al;, af;a}s_;), als_yam, A1(s_a3s_p ) T € (U, L}, ie{1,2}
_ T T T :
X = max(af(s_j)ag(s_j),af(s_j)agj, afjaz(s_j),aljazj),T € {U,L},je{3,4}

A1®A2 = (AU'Alll)®(AUIAé) = (7)

The multiplication operation between a crisp value (1) and A, is defined as follows (Hu et al., 2013):

_ A
AA; = [((Aaﬂ,)la%’z,la%,laﬂ); 1- (1 - H1(A¥)) 1
2 A
— (1-Hy(aD)) ) <(/1a’1“1,/1af2,/1af3,/1af4); 1-(1-m(4h)) 1 ®)

(1~ HZ(AQ))AM

Division by an ordinary nonzero number (k) is defined as follows:
ifk>0
Ak

= ((agl/k' ailz/k ) ai’S/k ) aﬂ/k); H, (Aﬁ’), H, (/ﬁ’), (ah/k , a%z/k , af3/k ) ah/k); Hy (A%): Hz(/ﬁ)) %)
if k<O

A, /k

= ((agll-/k ) a%IS/k ’ a§]2/k , aijl/k); H1(A¥)' HZ (A'llj)' (a%4/k ) a%B/k 4 a{‘Z/k ’ a%l/k); Hl (A'll‘)t HZ(A'%)) (10)

The division operation is depicted as follows (Chen & Lee, 2010):
A1 © Ay = (A1, A1) © (43, A%)
(Y4, %, Y8, ¥4 Hy (AD). Hy (49), Ho (AY). Hy (A9)), (1)
(Y1L1' Y5, Yis, Yiy; Hy (AD). Hy (A%), Hy(AY). H, (Aé))
Where Y/} = min(afi/agi' afi/ag(s_i), af(s_o/a?i, af(s—i)/ag(s—i))' T €{U,L},ie{1,2}

YlTj = min(af(s_j)/ag(s_j), af(s_j)/agj, afj/ag(S_j), afj/agj), T € {U,L},je{3,4}

B. Relative preference relation for fuzzy numbers

In the previous studies, fuzzy ranking methods have commonly been classified into two categories. The first category
is based on defuzzification, in which fuzzy numbers are defuzzified into crisp numbers. Various methods of
defuzzification have been proposed. Then, the ranking is done based on the crisp numbers. Although it is easy to compute,
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the main drawback of this group is that defuzzification tends to lose some information and, thus, is unable to grasp the
sense of uncertainty. The other category is based on fuzzy preference relation. The advantage of this group is that
uncertainties of fuzzy numbers are kept during ranking process. Yuan (1991) proposed criteria for measuring ranking
method. Lee (2001) proposed a new fuzzy ranking method based on fuzzy preference relation satisfying all the criteria
proposed by Yuan (1991). Also, Lee (2005) introduced a fuzzy multi-criteria decision making model for the selection of
distribution centers by means of fuzzy preference relation.

However, fuzzy pairwise comparison by preference relation is complex and difficult. To avoid the above
shortcomings, the relative preference relation adopts the strengths of defuzzification and fuzzy preference relation.
Notably, the relative preference relation expresses preference degrees of several fuzzy numbers over average same as the
fuzzy preference relation does, and ranks fuzzy numbers by relative crisp values as defuzzification does. Thus, utilizing
the relative preference relation ranks fuzzy numbers easily and quickly, and it is able to reserve fuzzy information (Wang,
2015a).

To present relative preference relation for fuzzy numbers, related definitions are provided as follows (Zadeh, 1965;
Zimmermann, 1991).

Definition 1. A fuzzy preference relation R is a fuzzy subset of R*R with membership function £, (A,B) representing
preference degree of fuzzy number A over B.
(1) Riis reciprocal if 4, (A,B)=1- M, (B,A)forall fuzzy numbers A and B.

(2) Ris transitive if 4, (A,B)>(1/2) and #,(B,C)2(1/2)= u,(A,C)=(1/2) forall fuzzy numbers A, B, and

(3) R is a fuzzy total ordering relation if R is both reciprocal and transitive.
Additionally, A is preferred to B if 4, (A,B)>(1/2) and Ais equal to B if K, (A,B)=(1/2).

Definition 2. Let A and B be two fuzzy numbers, where A is in an interval [a;, a]] and B is in an interval [by, b/].
According to Wang & Lee (2010) and Lee (2005), a fuzzy preference relation is a fuzzy subset of R*R with membership

function 4, (A,B) representing preference degree of A over B. Let Upbe defined as follows:

[(a-8): +A-BY Ma
4 (AB)==| 2 +1 (12)

2 I

where
J@ =1L+ =T ) )da if 1 >t;

=1 13)
Ja T -T2 )it <ty
0

T "isinaninterval [t, ,t,], T “isinaninterval [t, ,t, ], and
t; =max{a,b },t" =max{a b}t =minf{a b}t =min{a b, } (14)
Definition 3. Let S = {Xl,X 2,---,X n} indicate a set consisting of n trapezoidal fuzzy numbers in case

X i = (x i X X ,Xju) €S, where j=1, 2, ...,n. By extension principle, X = (1/n)®(X1,X 2,---,X n)
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=(X,,X,,X,,X,) is assumed to be the average of X ;, X ,,..., X . Then, the relative preference relation P is defined

with membership function M- (Xj,X_) representing relative preference degree of XJ— over X in S, where
j=12,...,n (Wang, 2014):

_ X =X, )+ (X, =X, )+(X =X, )+(X, =X
ﬂ*(xj,x)zl ( jl u) ( jh g) ( jg h) ( ju |)+1 (15)

2 2|

where
to—t )+t —t )+ —t )+t -t
(sl su) (sh sg)z(sg sh) (su sl) |f t;zt;u

ol= e e g - (15)
(tsl _tsu)+(tsh _tsg)+(tsg _tsh)+(t5u _tsl) +

+2(t, —tg) if tg <t

ty = m,»ax{xn}'t:h = m?X{th}’t+ - m?X{ng}’t+ N m]ax{xju},ts] N m]_in{xj,},

a7

. PROPOSED NEW MULTI-CRITERIA ANALYSIS MODEL

In this paper, IT2FSs is used to address uncertainty to solve complicated decision making. Also, relative preference
relation has several advantages over defuzzification, which is why relative preference relation is developed under IT2FSs
to deal with the uncertainty in real-world production projects. Furthermore, the compromise ratio method for fuzzy group
decision-making problems is developed under IT2FSs to address uncertainty. This approach provides better ability in
expressing uncertainty. Furthermore, this model is applied to determine critical path for production projects by
considering different and conflicting criteria such as time, cost, risk, and quality. This paper focuses on a case study from
literature (Mehlawat & Gupta, 2016), which is related to designing and manufacturing of small electronic components,
particularly for the aviation, defense, and space industries. Fig (2) illustrates the proposed framework.

Step 1: Form a team of production experts who are responsible to determine the best alternative considering the
evaluating criteria. Also, experts’ judgments in terms of each criterion are gathered as linguistic variables and, finally,

experts’ judgments on qualitative criteria and weights are converted to their equivalent IT2FNs presented in Table I1.

TABLE II. Linguistic terms and their corresponding interval type-2 fussy sets (Chen & Lee, 2010)

Linguistic terms Interval type-2 fuzzy sets

Very Low (VL) ((0,0,0,0.1;1,1),(0,0,0,0.05;0.9,0.9))
Low (L) ((0,0.1,0.1,0.3;1,1),(0.05,0.1,0.1,0.2;0.9,0.9))
Medium Low (ML) ((0.1,0.3,0.3,0.5;1,1),(0.2,0.3,0.3,0.4;0.9,0.9))
Medium (M) ((0.3,05,0.5,0.7;1,1),(0.4,0.5,0.5,0.6;0.9,0.9))
Medium High (MH) ((0.5,0.7,0.7,0.9;1,1),(0.6,0.7,0.7,0.8;0.9,0.9))
High (H) ((0.7,0.9,0.9,1;1,1),(0.8,0.9,0.9,0.95;0.9,0.9))

Very High (VH) ((0.9,1,1,1;1,1),(0.95,1,1,1;0.9,0.9))
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Form a team of production experts who are responsible 1o determine the best aliemative

v

Construct mterval type-2 decision matrixes based on experts’ opinions

v

Aggregate interval type-2 decision matrixes

v

Normalize interval type-2 decision mairix

Compute inlerval type-2 weighted normalize decision matrix

Determine the positive ideal (A ') and negative ideal (A4} solutions

Construel ideal separation matrix (£ ) and ant-ideal separation matnx (/)

Compute S, R Y .Z" and 8] R} ¥ " .=} values

A

Extend relative preference relation under type-2 fuzzy sets and apply to weights of cnteria for
avoiding multiply two (uzzy matrixes

Compute the value of indices ﬂf .(0,‘ ,}’,I and }’,'

A

Calculate final index (K1) for ranking paths of production project network

Fig. 2. Proposed framework

Step 2: Construct the decision matrix Y, of the pth decision maker and the average decision matrix Y | respectively.
The aggregated fuzzy information on the alternative for each criterion is obtained via Eq. (18). Note that each alternative

is a possible path for the production project network.
Integration method is as follows:

time cost risk quality
~ Pth 1 f 1,?ime f 1,F():ost f 1,E‘isk f 1,?1ua|ity
Yo =)= : : :
Path m ~ ~ ~ ~
f mp,time f mp,cost f m,risk f mp,quality

(18)
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Y_:(f:j)mxn
and
w, =@, =W, W, W)
(19)
V= (V\TJ )1xn
- Wi W e..ew! .
where W ; = ( " ),Wj isan IT2FS,and 1< j <n,1<p <k .
= fleflfe.off § _ _
i =( " ); Uisan IT2FS and 1<i <m,1<j <n,1<p <k . Also, k denotes the number of
decision makers; Al,Az,---,Am are possible paths; and Cl,CZ,...,Cn are evaluation criteria.
Step 3: Compute the normalized IT2F decision matrix. The data are normalized using the following:
al a a, ag,
(=, 25,5, 5 H (AN, HL,(AY),
= dj dj dj dl
i~ L L L L
a, a., a., a (20)
(iyﬁ,ﬁ i (A ) H, (A )
dj dj dj d].
j=12,...,n,i =1,2,....m
Where
m 4 Lo m 4 5
u
=222 @5)" + 2> @)%,
i=1 p=1 i=1 p=1
p={1234} for Vj=12..n 1)

Step 4: Construct the IT2F weighted normalized decision matrix. The fuzzy IT2F weighted normalized decision

matrix is computed by multiplying each column of the matrix by the fuzzy weights of time, cost, risk, and quality criteria
as follows:

= = = [@aVRva VL H (NG ) HW ) H,(NT)H,W ),
V, =N, ®W, =
(Vll’V12’Vl3’vl4’H (N IJ)HlM/IJ ) H (N )HZNV )
V5 =min (aj;ay, ’aIia;(S—i)’al(S—i)aZi ’a1(5—i)a2(5—i))'T e{U,L},ie{1,2} @2)

Vi; = max(8s_ B BB 8,8y 885, ), T €{U, L}, j {34}

Step 5: Determine the positive ideal (A*) and negative ideal (A°) solutions. In this case, time, cost, and risk criteria are
considered as benefit criteria and quality as cost criterion based on the basic definition of critical path, i.e., critical path is

the path with the maximum time, in which one unit of delay in each activity causes one unit of delay in the completion
time of the project.



52 Y. Dorfeshan, S. M. Mousavi, B. Vahdani. A Multi-Criteria Analysis Model under an Interval ...

AV =YV UV ,...,v:;U):{(m_axv:”.U j ed),minv* j eJ')}

At =(\/:;L,v;L,v:;L,...,v:;L)={(m_axv:ijL j €3).(minV;" ] eJ')}

s~ = - - - (23)
AV =V UV, 'V, ,...,Vn‘“):{(minviju j eJ),(miaxVijU ‘j eJ')}
A=W V" ,V~3L,...,V~nL):{(minV}L j eJ),(mia1xV~ijL ‘j eJ')}
where
maxV/,” = (maxv,, maxv;,,maxv’;, maxv ;)
m.aXV:ij - = (maxv ilj_l’ Mmaxv ilj_2’ Mmaxv ilj_3’ maxv ilj_3)
(24)

minV," = (minvy/, minvy,, minvy;, minvy’;)
I I | I I
minv~ij "= (minv ilj_lf minv ijL2’ minv ijLsf minv ijLs)
1 1 I I 1
J =1,2,...,n € benefit criteria

J =1,2,..,ne cost criteria
Obviously, A* indicates the most preferable alternative or the ideal solution and A illustrates the least preferable
alternative or the anti-ideal solution.

Step 6: Construct ideal separation matrix (D*) and anti-ideal separation matrix (D°), which are introduced as follows:

U\ FHU ~U ~+U ~U ~+U
"/11 vy "/12 -V, Vin =V
U 71U ~U ~+U ~U ~+U
D z[dfu:': ’\/21_\/1 ’sz_vz Von =V (25)
ij . .
~U ~+U ~U ~+U ~U ~+U
’le_vl }‘/mz_vz Vin ~Va )
(7L F+L L Rl 2L AL ]
’Vn -V, "/12 -V, Vin =V
=L =+L =L F+L =L =+l
-V V vV, =V
+L +L ’\121 1 ’\/22 2 2n n
D™ =[d;" |=
=L =+l =L =L =L =+l
’\/ml_vl "/mz_vz Vin —Va ] (26)
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: U U 2 =ull
’\/ ‘ }‘/12 Vs ‘ Vin =V,
zu U zy U zy
-V ‘ ’V V ‘ v V
DY —[dij_UJ— "/21 . 1 22 2 2n n 27)
U oy U Z U U U
’le Vy ‘ ’VmZ_VZ ‘ Vin —Vn |
~ L 2L F-L 2L AL
"/11_\/1 ‘ 127V ‘ Vin =V
L AL L F-L P~ g
_V ‘ r/ _V ‘ ces V V
Dt —[dij_L]: 21 - 1 22 - 2 - 2n - n (28)
<L L L L <L L
_’\/ml_vl ‘ ’sz_vz ‘ Mo Vi |
Step 7: Compute S R’ Y,”,Z” and SR, \Y "2 values for j=1,2,....n as follows:
ZWUd+U Zﬂ(WJ,W )d+U
(29)
U +U +U
R/ —mJaxw d; —mjax;z(wj W )dij
n
Zwud*J >y wdY
1= (30)
-U U U -U
z’ :mjaij d; :mjax;t w; W )d;
L : L L X L L L
:ijdij :Z,U v W)d;
= =1 (31)
_ Ly +L _ L gL +L
RS maxw d; max,u v Wo)d;
ZW Z/” (WJ ' u
(32)

Z" :mjaijdij‘ = max 4 Wi W)t

U L . . . .
where W j W are obtained by using relative preference relation as follows:

If S :{V\71,V\72,...,V\7n} indicates a set consisting of n trapezoidal fuzzy numbers in case
=~ U U U (VI ~U ~U L L L L. ~ L ~ L .
W, =(W;w,w, w  H W ),H,W,)) W w,w,w, HW)H,W,))eS wherej=12, ..,
n. By extension principle, wW=@L/nN®W, W,,.W, )= ((le, _12, W, W, H (W ),

J3’ i4?

H (W ), (le, 12,_13, J4,H (W ) H, (W ) is assumed to betheaverageofX Xz,...,Xn.Now, the relative

preference relation p with membership function 78 (w w) representing relative preference degree of W over W

in S, is defined where, j =1,2,...,n
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= = 1 - — - —
lup*(Wj,W)=§|:lLlp*(\N;J,WU)+lLlp*(W;_,WL):|=
1 (W;Jl_w_r)'i’(W;Jz_W:)'F(W;Ja_w_;)"'(wit_w_lu)
- 5 +1 |+
1|2 2|
2 1[<w;—vv-:>+<w;—vv-;>+<w;—w-;)+<w;4—w-;> }
- - +1
2 2l |
where
t; -t )+, -t )+t -t + ¢, —-t)
Ir|1= ’
;) -t )+ -t )+ -t + ;) -t
2

+2,; -

(t+L —t L)+(t+L —t L)+(t+L —t L)+(t+L —t L)

Ir1-

5 =t )+ —t )+t

2

—toy )+, —ty)

= max St = maxfu Lt - max

—L _
tsl -

t+U

Step 8: Compute the values of indices (Di

SU _S+U
SI—U _S+U
g’ = R -R™

_R+U

2

1553

’¢i ’}/i

RfU _R+U

RY
[RIU

Y-U
Y I+U

_R+U
-y v
-y Y
U ZIU _27U
Z+U _Z—U

S|U _S+U _
j“[s“ _Swj(l 2)

z°> -z
[ZLU _ZfU

o

J(l p)

, and 7/i

AR, —max{ ie}

mjln{w le},ts;LZ:mjin{ij },ts3 _mln{w },ts4 _mln{w }
1 =mjax{wﬁ’1},'[§2U :max{ Uty —max{

t) :mjin{ },tszU _mln{ } ty _mln

{ },tsiJ _mln{w }
as follows:

if SY =85
if RY =R

otherwise

if y ¥ =y™"

if zv =z

otherwise

2(t -L —t +L)

3oty —max{ V)
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(33)
if t7 >t
(34)
if t7) <t/
if t >t
(35)
if to° <t
(36)

@37)

(38)
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L _g+L
;i—L SS+L if S*t=s"
L +L
L _g+L AL_ +L
(SS‘L _Sé +Ljﬂw(II;'L _RR+L](1—A) otherwise
L y-L
S if Yoyt
L —-L
7= % if zZ"t=2z"" (40)
z--z" Yt -y .
where
S* =minS’, R™ =minR/’, Y " =miny Y, Z*Y =minz?
I I I I
41
SV =maxS’, R =maxR/, Y Y =maxy ”, ZV =maxz/ D
I I I I
And
S*™ =minS", R =minR', Y " =minY Z"* =minz'
I I 1 1
42
St =maxS", R =maxR/', Y " =maxy ', Z"=maxZ' 42
1 I I 1

Also, 1 and 3 are regarded as weights for the strategy of the majority criteria, while (1—A) and (1— ) are the
weights of individual regret. The values of 4 and B are within the range of 0 to 1, and these strategies can be

compromised by A =0.5and g =0.5.

Step 9: Calculate final index (FI) as follows:

1
FIY =0° +—5+4 43

1
FIf =gt + gt “

1 1 _ ) U L _ U L » _
where — and —— refer to all i for which 7; 20,7, 20, while ¢. ,¢i. refer to all | for which

7i Vi
" L minwljJ
}/i =0’7/i =0 and ¢i‘U :(mlny|u) j

L

minwJ

¢ =(miny,")’
Step 10: Aggregate FI iU and Fl iL by using Eqg. (45). The minimum value of FI illustrates the best performance for
the alternative i. In other words, the minimum value indicates the highest rank in each critical path of the production

project network.
FI. =(FIY +FI-)/2 (45)
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(\VA APPLICATION TO PRODUCTION PROJECT MANAGEMENT PROBLEMS

In this section, in order to determine critical path of production projects by considering time, cost, quality, and risk
criteria, an existing case study from the literature (Flouris, 2008) is adopted and solved. To better illustrate the
applicability and ability of the proposed approach, a real-world case of an aircraft components development company is
expressed that designs and builds small electronic components, especially for the aviation, defense, and space industries
(Flouris, 2008). It has an order to manufacture electronic control units that will be mounted in or near the engine bays of
a new range of aircraft to be manufactured in both civil and military versions. These small units will include a number of
electronic parts assembled on a printed circuit board, which in turn will be installed on an aluminum chassis. This
assembly is to be encapsulated in epoxy resin to protect the components from harsh environmental conditions of the
engine bay. A cable connector and a pressure switch will also be installed on the chassis to protrude outside the
encapsulated block. The project presented here is for the design and environmental testing of a small prototype batch.
Details of the activities along with dependencies are provided in Table I11. The production project network is depicted in
Fig (3). Note that in the network, the dotted lines indicate dummy activities (6—8, 14—15, 16—17) needed to define
additional precedence relationships among activities.

Step 1: First, a team of 3 experts is formed; then, experts’ judgments about importance of criteria and rate of each
activity under efficient criteria such as time, cost, risk, and quality are gathered. These judgments are depicted in Tables
IV to VI. Note that time and cost criteria are expressed as numerical data and risk and quality are expressed by linguistic
variables, which were introduced in Table IV.

TABLE Il1. Activities Along with dependencies

Activities ID Predecessors Corresponding arrow
Get the customer’s specification GCS - 0-1
Determine environmental parameters DEP GCS 2-8
Design and breadboard test circuitry DBTC GCS 2-3
Design printed circuit board layout DPBL DBTC 3-5
Specify and list electronic components SLEC DBTC 3-4
Design the chassis DC DPBL 5-6
Buy prototype circuit boards BCB DPBL 5-7
Buy components for prototypes BCP SLEC 4-7
Design encapsulation mold DEM DC 6-9
Make prototype chassis MPC DC 6-10
Assemble printed circuit boards APCB BCB, BCP 7-10
Write production test procedure WPTP DBTC 3-18
Design vibration testing clamp DVTC DEP, DC 8-12
Make molds MM DEM 9-11
Assemble and test the prototype units ATPU MPC, APCB 10-11
Cast (encapsulate) units CU MM, ATPU 11-13
Make vibration test clamp MVTC DVTC 12-15
Retest all units after casting RUAC CuU 13-14
Vibration and shock tests VSTU MVTC, RUAC 15-17
Climatic tests CTU RUAC 14-17
Accelerated life tests ALTU RUAC 14-16
Assess test results ATR VSTU, CTU, ALTU 17-18
Finalize and issue production documents FPD WPTP, ATR 18-19
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TABLE V. IT2F information of activities by the time criterion (days)

Experts
ACT.
DM DM: DMs
0-1 ((2,4,7,9;1,1),(3,5,6,8;00.9,00.9)) ((2,5,8,11;1,1),(3,6,7,10;00.9,00.9)) ((2,4,7,9;1,1),(3,5,6,8;0.9,0.9))
2-8 ((1,3,6,8;1,1),(2,4,5,7;0.9,0.9)) ((1,3,6,8;1,1),(2,4,5,7;0.9,0.9)) ((1,3,6,8;1,1),(2,4,5,7;0.9,0.9))
2-3 ((3,6,9,12;1,1),(4,7,8,11;0.9,0.9)) ((4,6,9,11;1,1),(5,7,8,10;0.9,0.9)) ((2,5,8,11;1,1),(3,6,7,10;0.9,0.9))
3-5 ((1,3,6,8;1,1),(2,4,5,7;0.9,0.9)) ((1,3,6,8;1,1),(2,4,5,7;0.9,0.9)) ((1,3,6,8;1,1),(2,4,5,7;0.9,0.9))
3-4 ((1,3,6,8;1,1),(2,4,5,7;0.9,0.9)) ((1,3,6,8;1,1),(2,4,5,7;0.9,0.9)) ((1,3,6,9;1,1),(2,4,5,7;0.9,0.9))
5-6 ((2,4,7,10;1,1),(3,5,6,9;0.9,0.9)) ((2,4,7,9;1,1),(3,5,6,8;0.9,0.9)) ((2,5,8,10;1,1),(3,6,7,9;0.9,0.9))
5-7 ((8,11,14,17;1,2), ((9,12,15,18;1,1), ((9,13,16,19;1,1),
(9,12,13,16;0.9,0.9)) (10,13,14,17;0.9,0.9)) (10,14,15,18;0.9,0.9))
4-7 ((4,7,10,13;1,2), ((5,8,11,14;1,2), ((3,6,9,12;1,1),
(5,8,9,12;0.9,0.9)) (6,9,10,13;0.9,0.9)) (4,7,8,11;0.9,0.9))
6-9 ((1,3,6,8;1,1),(2,4,5,7;0.9,0.9)) ((2,4,7,9;1,1),(3,5,6,8;0.9,0.9)) ((1,3,6,8;1,1),(2,4,5,7;0.9,0.9))
6-10 ((3,6,9,12;1,1),(4,7,8,11;0.9,0.9)) ((4,6,9,11;1,1),(5,7,8,10;0.9,0.9)) ((3,6,9,12;1,1),(4,7,8,10;0.9,0.9))
7-10 ((1,3,6,8;1,1),(2,4,5,7;0.9,0.9)) ((2,4,7,9;1,1),(3,5,6,8;0.9,0.9)) ((1,3,6,8;1,1),(2,4,5,7;0.9,0.9))
3-18 ((2,4,7,9;1,1),(3,5,6,8;0.9,0.9)) ((2,4,7,9;1,1),(3,5,6,8;0.9,0.9)) ((2,4,7,9;1,1),(3,5,6,8;0.9,0.9))
8-12 ((1,3,6,8;1,1),(2,4,5,7;0.9,0.9)) ((1,3,6,8;1,1),(2,4,5,7;0.9,0.9)) ((1,3,6,9;1,1),(2,4,5,7;0.9,0.9))
9-11 ((4,6,9,11;1,1),(5,7,8,10;0.9,0.9)) ((5,7,10,13;1,1),(6,8,9,12;0.9,0.9)) ((4,7,10,13;1,1),(5,8,9,12;0.9,0.9))
10-11 ((3,6,9,11;1,1),(4,7,8,10;0.9,0.9)) ((4,6,9,11;1,1),(5,7,8,10;0.9,0.9)) ((3,6,9,11;1,1),(4,7,8,10;0.9,0.9))
11-13 ((4,6,9,12;1,1),(5,7,8,11;0.9,0.9)) ((5,7,10,12;1,1),(6,8,9,11;0.9,0.9)) ((4,7,10,12;1,1),(5,8,9,11;0.9,0.9))
12-15 ((2,4,7,10;1,1),(3,5,6,9;0.9,0.9)) ((2,4,7,9;1,1),(3,5,6,8;0.9,0.9)) ((3,5,8,10;1,1),(4,6,7,9;0.9,0.9))
13-14 ((1,3,6,8;1,1),(2,4,5,7;0.9,0.9)) ((1,3,6,8;1,1),(2,4,5,7;0.9,0.9)) ((1,3,6,8;1,1),(2,4,5,7;0.9,0.9))
15-17 ((1,3,6,8;1,1),(2,4,5,7;0.9,0.9)) ((1,3,6,8;1,1),(2,4,5,7;0.9,0.9)) ((1,3,6,8;1,1),(2,4,5,7;0.9,0.9))
14-17 ((1,3,6,8;1,1),(2,4,5,7;0.9,0.9)) ((2,4,7,9;1,1),(3,5,6,8;0.9,0.9)) ((1,3,6,8;1,1),(2,4,5,7;0.9,0.9))
14-16 ((2,4,7,10;1,2), ((2,4,7,10;1,2), ((2,4,7,10;1,2),
(3,5,6,9;0.9,0.9)) (3,5,6,9;0.9,0.9)) (3,5,6,9;0.9,0.9))
17-18 ((1,3,6,8;1,1),(2,4,5,7;0.9,0.9)) (1,3,6,8;1,1),(2,4,5,7;0.9,0.9)) ((1,3,6,8;1,1),(2,4,5,7;0.9,0.9))
18-19 ((1,3,6,8;1,1),(2,4,5,7;0.9,0.9) (2,4,7,9;1,1),(3,5,6,8;0.9,0.9)) ((1,3,6,8;1,1),(2,4,5,7;0.9,0.9))

8 12 15

Fig 3. Production project network
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17 18 19
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TABLE V. IT2F information of acitivites by the cost criterion (US$)

ACT Experts
DM DM: DMs
0-1 ((6,10,13,18;1,1), ((6,9,12,15;1,1), ((7,10,13,16;1,1),
(7,11,12,17;0.9,0.9)) (7,10,11,14;0.9,0.9)) (8,11,12,15;0.9,0.9))
2-8 ((2000,2500,3000,3500;1,1), ((2000,2500,3000,3500;1,1), ((2000,2500,3000,3500;1,1),
(2100,2600,2900,3300;0.9,0.9)) (2100,2600,2900,3300;0.9,0.9)) (2100,2600,2900,3300;0.9,0.9))
2-3 ((95,115,145,165;1,1), ((85,105,135,155;1,1), ((90,120,150,180;1,1),
(105,125,135,155;0.9,0.9)) (95,115,125,145;0.9,0.9)) (100,130,140,170;0.9,0.9))
3-5 ((70,95,125,150;1,1), ((70,100,130,160;1,1), ((75,90,120,135;1,1),
(80,105,115,140;0.9,0.9)) (80,110,120,150,0.9,0.9)) (85,100,110,125;0.9,0.9))
3-4 ((30,45,75,90;1,1), ((25,45,75,105;1,1), ((30,50,80,100;1,1),
(40,55,65,80;0.9,0.9)) (35,55,65,95;0.9,0.9)) (40,60,70,90;0.9,0.9))
5-6 ((140,170,200,230;1,1), ((130,155,185,210;1,1), ((140,160,190,210;1,1),
(150,180,190,220;0.9,0.9)) (140,165,175,200;0.9,0.9)) (150,170,180,200;0.9,0.9))
5-7 ((350,380,410,440;1,1), ((360,400,430,470;1,1), ((360,390,420,450;1,1),
(360,390,400,430;0.9,0.9)) (370,410,420,460;0.9,0.9)) (370,400,410,440;0.9,0.9))
4-7 ((35,55,85,105;1,1), ((30,50,80,100;1,1), ((35,60,90,115;1,1),
(45,65,75,95;0.9,0.9)) (40,60,70,90;0.9,0.9)) (45,70,80,105;0.9,0.9))
6-9 ((75,95,125,145;1,1), ((75,95,125,145;1,1), ((80,100,130,150;1,1),
(85,105,115,135;0.9,0.9)) (85,105,115,135;0.9,0.9)) (90,110,120,140;0.9,0.9))
6-10 ((270,300,330,360;1,1), ((240,290,320,370;1,1), ((250,280,310,340;1,1),
(280,310,320,350;0.9,0.9)) (250,300,310,360;0.9,0.9)) (260,290,300,330;0.9,0.9))
7-10 ((65,95,125,155;1,1), ((60,90,120,150;1,1), ((65,85,115,135;1,1),
(75,105,115,145;0.9,0.9)) (70,100,110,140;0.9,0.9)) (75,95,105,125;0.9,0.9))
3-18 ((1000,1200,1500,1800;1,1), ((1000,1200,1500,1800;1,1), ((1000,1200,1500,1800;1,1),
(1100,1300,1400,1700;0.9,0.9)) (1100,1300,1400,1700;0.9,0.9)) (1100,1300,1400,1700;0.9,0.9))
8-12 ((145,165,195,215;1,1), ((140,170,200,230;1,1), ((140,160,190,210;1,1),
(155,175,185,205;0.9,0.9)) (150,180,190,220;0.9,0.9)) (150,170,180,200;0.9,0.9))
9-11 ((290,330,360,400;1,1), ((290,310,340,360;1,1), ((280,310,340,370;1,1),
(300,340,350,390;0.9,0.9)) (300,320,330,350;0.9,0.9)) (290,320,330,360;0.9,0.9))
10-11 ((200,230,260,290;1,1), ((190,220,250,280;1,1), ((200,240,270,310;1,1),
(210,240,250,280;0.9,0.9)) (200,230,240,270;0.9,0.9)) (210,250,260,300;0.9,0.9))
11-13 ((280,300,330,350;1,1), ((270,290,320,340;1,1), ((285,305,335,355;1,1),
(290,310,320,340;0.9,0.9)) (280,300,310,330;0.9,0.9)) (295,315,325,345;0.9,0.9))
12-15 ((150,170,200,220;1,1), ((140,160,190,210;1,1), ((145,165,195,215;1,1),
(160,180,190,210;0.9,0.9)) (150,170,180,200;0.9,0.9)) (155,175,185,205;0.9,0.9))
13-14 ((35,55,85,105;1,1), ((30,50,80,100;1,1), ((35,60,90,115;1,1),
(45,65,75,95;0.9,0.9)) (40,60,70,90;0.9,0.9)) (45,70,80,105;0.9,0.9))
15-17 ((35,55,85,105;1,1), ((35,50,80,95;1,1), ((30,60,90,120;1,1),
(45,65,75,95;0.9,0.9)) (45,60,70,85;0.9,0.9)) (40,70,80,110;0.9,0.9))
14-17 ((65,95125,155;1,1), ((60,90,120,150;1,1), ((65,85,115,135;1,1),
(75,105,115,145;0.9,0.9)) (70,100,110,140,0.9,0.9)) (75,95,105,125;0.9,0.9))
14-16 ((10,25,55,70;1,1), ((10,25,55,70;1,1), ((50,70,100,120;1,1),
(20,35,45,60;0.9,0.9)) (20,35,45,60;0.9,0.9)) (60,80,90,110;0.9,0.9))
17-18 ((7,10,13,16;1,1), ((8,11,14,17;1,2), ((8,11,14,17;1,1),
(8,11,12,15;0.9,0.9)) (9,12,13,16;0.9,0.9)) (9,12,13,16;0.9,0.9))
18-19 ((320,350,380,410;1,1), ((310,340,370,400;1,1), ((320,345,375,400;1,1),

(330,360,370,400;0.9,0.9))

(320,350,360,390;0.9,0.9))

(330,355,365,390;0.9,0.9))
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TABLE VI. IT2F rating activities by the risk and quality criteria

Risk Quality
ACT
D1 D2 D3 D1 D2 D3
0-1 ML L L L ML ML
2-8 ML ML M M M ML
2-3 ML ML M MH MH M
3-5 M H ML ML ML M
3-4 M MH MH H MH H
5-6 ML M M M MH M
5-7 ML ML ML MH MH ML
4-7 MH M MH M ML M
6-9 M M MH MH MH M
6-10 MH MH H M MH MH
7-10 MH H H H MH H
3-18 MH MH MH MH MH H
8-12 ML ML L H MH H
9-11 M MH H L ML ML
10-11 M M ML M M ML
11-13 ML M ML M M ML
12-15 ML M M ML M ML
13-14 ML M ML M MH M
15-17 MH H H MH MH ML
14-17 ML M L M ML M
14-16 MH H MH H MH M
17-18 ML L ML M ML M
18-19 ML L ML MH MH ML

59

Step 2: Construct decision matrix by considering every existing path as an alternative, and consider time, cost, risk,

and quality as efficient criteria for critical path selection of production project. In addition, experts’ judgments are
aggregated by using Egs. (18) and (19).

Step 3: Normalize the decision matrix via Egs. (20) and (21).

Step 4: Construct the IT2F weighted normalized decision matrix by using Eq. (22) shown in Tables VII-A and VIII-

B.

Step 5: Specify positive ideal and negative ideal solutions via Egs. (23) and (24) for benefit and cost criteria illustrated
in Tables VII-A and VIII-B .

Step 6: Construct ideal separation matrix (D*) and anti-ideal separation matrix (D°) by using Egs. (25-28) for upper

and lower limits of IT2FSs.

step 7: Compute S; \R;’\Y,",Z and S} ,R\".\Y ", values for j=1,2,...,n via Egs. (29-36) shown in Table VIl
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Step 8: Compute the values of indices (ﬂiU ' @, L,}/iu ,and ) by using Egs. (37-42) shown in Table VIII.

TABLE VII-A. Weighted normalized fuzzy decision matrix

(0.04,0.06,0.07,0.1;0.81,0.81))

Num. Alternatives Time Cost
1 1-2-8-12-15-17-18-19 ((0.006,0.021,0.04,0.06;1,1), ((0.07,0.11,0.14,0.18;1,1),
(0.01,0.03,0.034,0.05;0.81,0.81)) (0.09,0.12,0.13,0.16;0.81,0.81))
2 1-2-3-5-6-8-12-15-17-18-19 ((0.01,0.03,0.05,0.09;1,1), ((0.03,0.04,0.05,0.06;1,1),
(0.02,0.04,0.047,0.07;0.81,0.81)) (0.03,0.042,0.045,0.054,0.81,0.81))
3 1-2-3-5-6-9-11-13-14-15-17-18-19 ((0.015,0.04,0.07,0.11;1,2), ((0.04,0.06,0.07,0.08;1,1),
(0.03,0.05,0.06,0.09;0.81,0.81)) (0.04,0.058,0.062,0.07;0.81,0.81))
4 1-2-3-5-6-9-11-13-14-17-18-19 ((0.015,0.04,0.07,0.11;1,2), ((0.04,0.056,0.065,0.08;1,1),
(0.03,0.05,0.06,0.09;0.81,0.81)) (0.045,0.059,0.062,0.075;0.81,0.81))
5 1-2-3-5-6-9-11-13-14-16-17-18-19 ((0.016,0.04,0.07,0.12;1,1), ((0.04,0.055,0.064,0.082;1,1),
(0.03,0.05,0.06,0.1;0.81,0.81)) (0.045,0.058,0.06,0.073;0.81,0.81))
6 1-2-3-5-6-10-11-13-14-15-17-18-19 ((0.016,0.04,0.07,0.11;1,1), ((0.04,0.06,0.07,0.09;1,1),
(0.03,0.05,0.06,0.1;0.81,0.81)) (0.05,0.06,0.065,0.08;0.81,0.81))
7 1-2-3-5-6-10-11-13-14-17-18-19 ((0.016,0.04,0.07,0.12;1,1), ((0.04,0.059,0.069,0.09;1,1),
(0.03,0.05,0.06,0.1;0.81,0.81)) (0.05,0.06,0.066,0.08;0.81,0.81))
8 1-2-3-5-6-10-11-13-14-16-17-18-19 ((0.017,0.05,0.08,0.12;1,1), ((0.04,0.06,0.07,0.087;1,1),
(0.03,0.06,0.07,0.1;0.81,0.81)) (0.05,0.062,0.065,0.078,0.81,0.81))
9 1-2-3-4-7-10-11-13-14-15-17-18-19 ((0.016,0.04,0.07,0.12;1,1), ((0.03,0.046,0.056,0.073;1,1),
(0.03,0.05,0.06,0.1;0.81,0.81)) (0.04,0.05,0.053,0.065;0.81,0.81))
10 1-2-3-4-7-10-11-13-14-17-18-19 ((0.016,0.04,0.07,0.12;1,1), ((0.03,0.047,0.057,0.074;1,1),
(0.03,0.06,0.065,0.096;0.81,0.81)) (0.04,0.05,0.053,0.065;0.81,0.81))
11 1-2-3-4-7-10-11-13-14-16-17-18-19 ((0.017,0.05,0.08,0.12;1,1), ((0.03,0.046,0.056,0.072;1,1),
(0.03,0.06,0.07,0.1;0.81,0.81)) (0.04,0.049,0.52,0.064,0.81,0.81))
12 1-2-3-18-19 ((0.006,0.016,0.027,0.04;1,1), ((0.04,0.06,0.072,0.096;1,1),
(0.009,0.02,0.023,0.035;0.81,0.81)) (0.048,0.063,0.068,0.086,0.81,0.81))
13 1-2-3-5-7-10-11-13-14-17-18-19 ((0.02,0.05,0.08,0.12;1,1), ((0.04,0.06,0.07,0.09;1,1),
(0.03,0.06,0.067,0.1;0.81,0.81)) (0.05,0.064,0.067,0.08;0.81,0.81))
14 1-2-3-5-7-10-11-13-14-15-17-18-19 ((0.019,0.05,0.08,0.12;1,1), ((0.04,0.06,0.07,0.09;1,1),
(0.032,0.06,0.07,0.1;0.81,0.81)) (0.05,0.06,0.066,0.08;0.81,0.81))
15 1-2-3-5-7-10-11-13-14-16-17-18-19 ((0.02,0.05,0.08,0.124;1,1), ((0.04,0.059,0.069,0.09;1,1),
(0.04,0.06,0.07,0.1;0.81,0.81)) (0.05,0.06,0.066,0.08;0.81,0.81))
A* ((0.006,0.016,0.027,0.04;1,1), ((0.03,0.04,0.05,0.06;1,1),
(0.009,0.02,0.023,0.035;0.81,0.81)) (0.03,0.042,0.045,0.054;0.81,0.81))
A ((0.02,0.05,0.08,0.124;1,1), ((0.07,0.11,0.14,0.18;1,1),

(0.09,0.12,0.13,0.16;0.81,0.81))
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TABLE VIII-B. Weighted normalized fuzzy decision matrix (continued)

Alt. Risk Quality
1 ((0.02,0.04,0.04,0.07;1,1), ((0.01,0.04,0.04,0.07;1,1),
(0.03,0.04,0.04,0.06;0.81,0.81)) (0.02,0.04,0.04,0.05;0.81,0.81))
2 ((0.02,0.06,0.06,0.1;1,1), ((0.02,0.05,0.05,0.09;1,1),
(0.04,0.06,0.06,0.08;0.81,0.81)) (0.03,0.05,0.05,0.07;0.81,0.81))
3 ((0.04,0.08,0.08,0.13;1,1), ((0.02,0.06,0.06,0.11;1,1),
(0.06,0.08,0.08,0.11;0.81,0.81)) (0.04,0.06,0.06,0.08;0.81,0.81))
4 ((0.03,0.07,0.07,0.12;1,1), ((0.022,0.05,0.05,0.1;1,1),
(0.05,0.07,0.07,0.1;0.81,0.81)) (0.04,0.05,0.05,0.08;0.81,0.81))
5 ((0.03,0.08,0.08,0.13;1,1), ((0.02,0.06,0.06,0.11;1,1),
(0.05,0.08,0.08,0.11;0.81,0.81)) (0.04,0.06,0.06,0.08;0.81,0.81))
6 ((0.03,0.08,0.08,0.13;1,1), ((0.02,0.06,0.06,0.11;1,1),
(0.06,0.08,0.08,0.11;0.81,0.81)) (0.039,0.06,0.06,0.081;0.81,0.81))
7 ((0.03,0.07,0.07,0.12;1,1), ((0.02,0.06,0.06,0.11;1,1),
(0.05,0.07,0.07,0.1;0.81,0.81)) (0.038,0.06,0.06,0.08;0.81,0.81))
8 ((0.03,0.08,0.08,0.13;1,1), ((0.3,0.06,0.06,0.11;1,1),
(0.05,0.08,0.08,0.1;0.81,0.81)) (0.04,0.06,0.06,0.08;0.81,0.81))
9 ((0.04,0.09,0.09,0.14;1,1), ((0.03,0.06,0.06,0.11;1,1),
(0.06,0.09,0.09,0.11;0.81,0.81)) (0.04,0.06,0.06,0.09;0.81,0.81))
10 ((0.033,0.08,0.08,0.13;1,1), ((0.03,0.06,0.06,0.11;1,1),
(0.05,0.08,0.08,0.1;0.81,0.81)) (0.04,0.06,0.06,0.09;0.81,0.81))
11 ((0.04,0.08,0.08,0.14;1,1), ((0.03,0.07,0.07,0.12;1,1),
(0.05,0.08,0.08,0.11;0.81,0.81)) (0.05,0.07,0.07,0.09;0.81,0.81))
12 ((0.01,0.025,0.025,0.04;1,1), ((0.01,0.02,0.02,0.04;1,1),
(0.02,0.025,0.025,0.03;0.81,0.81)) (0.016,0.02,0.02,0.03;0.81,0.81))
13 ((0.03,0.07,0.07,0.12;1,1), ((0.02,0.06,0.06,0.11;1,1),
(0.05,0.07,0.07,0.1;0.81,0.81)) (0.04,0.06,0.06,0.08;0.81,0.81))
14 ((0.03,0.08,0.08,0.13;1,1), ((0.02,0.06,0.06,0.11;1,1),
(0.05,0.08,0.08,0.1;0.81,0.81)) (0.04,0.06,0.06,0.083;0.81,0.81))
15 ((0.03,0.08,0.08,0.13;1,1), ((0.03,0.06,0.06,0.12;1,1),
(0.05,0.08,0.08,0.1;0.81,0.81)) (0.04,0.06,0.06,0.085;0.81,0.81))
A* ((0.01,0.025,0.025,0.04;1,1), ((0.03,0.07,0.07,0.12;1,1),
(0.02,0.025,0.025,0.03;0.81,0.81)) (0.05,0.07,0.07,0.09;0.81,0.81))
A ((0.04,0.09,0.09,0.14;1,1), ((0.01,0.02,0.02,0.04;1,1),
0.06,0.09,0.09,0.11;0.81,0.81)) (0.016,0.02,0.02,0.03;0.81,0.81))
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TABLE VIX. Indices values
Alt Slu Rlu Ylu Zlu SlL RlL Y1L ZlL goiu ¢iL 7/iU 7iL
1 0.188 0.079 0.211 0.082 0.138 0.067 0.146 0.056 0.86 0.347 0.974 0
2 0.152 0.061 0.237 0.079 0.102 0.042 0.171 0.067 0.43 0.758 0.361 1
3 0.195 0.083 0.228 0.074 0.138 0.06 0.154 0.06 0.941 0.388 0.891 0.361
4 0.19 0.077 0.231 0.074 0.133 0.054 0.158 0.06 0.842 0.444 0.771 0.435
5 0.195 0.082 0.229 0.074 0.138 0.059 0.155 0.06 0.935 0.412 0.878 0.389
6 0.198 0.082 0.228 0.073 0.14 0.059 0.153 0.058 0.945 0.347 0.895 0.296
7 0.193 0.076 0.231 0.074 0.135 0.053 0.158 0.058 0.846 0.454 0.775 0.37
8 0.197 0.081 0.229 0.073 0.139 0.059 0.155 0.059 0.938 0.371 0.882 0.324
9 0.193 0.086 0.232 0.077 0.135 0.063 0.158 0.064 0.965 0.6 0.908 0.635
10 0.189 0.08 0.235 0.077 0.13 0.057 0.162 0.063 0.866 0.655 0.787 0.71
11 0.193 0.086 0.233 0.078 0.134 0.062 0.159 0.064 0.958 0.623 0.895 0.66
12 0.116 0.042 0.223 0.086 0.079 0.028 0.168 0.063 0 0.727 0 0.789
13 0.194 0.074 0.231 0.074 0.136 0.052 0.157 0.058 0.838 0.465 0.77 0.332
14 0.199 0.08 0.228 0.072 0.141 0.058 0.153 0.058 0.937 0.322 0.89 0.259
15 0.198 0.08 0.229 0.072 0.14 0.057 0.154 0.058 0.93 0.347 0.878 0.287

Step 9: Obtain FI- and FIY for each path by Egs. (43) and (44) illustrated in Table IX.

Step 10: Aggregate F1” and Fl," by using Eq. (45). Note that the minimum value indicates the highest rank of each

alternative, which is given in Table IX.

V.

SENSITIVITY ANALYSIS
In this section, sensitivity analysis is performed by changing the amounts of weights of majority criteria, i.e., 4 and
£ - The maximal group utility is 1, maximal regret is 0, and the combination of both is 0.5. By changing the amounts of

A and /3 between [0,1], new results are obtained, which are presented in Fig (4). It is obvious that path 12 is a critical

path in most cases and this in turn illustrates that the critical path is insensitive to values of 1 and 23 .

TABLE X. Final ranking

Alternatives F1Y FI- Fl Ranking
1 3.75 1.56 2.65 6
2 1.75 1.36 1.55 2
3 3.52 3.66 3.59 11
4 3.09 3.07 3.08 7
5 3.36 3.44 3.4 10
6 3.82 4.27 4.05 13
7 3.05 3.48 3.26 8
8 2.63 3.96 3.8 12
9 2.63 2.48 2.56 5
10 2.39 2.2 2.29 3
11 2.56 24 2.48 4
12 1.37 1.27 1.32 1
13 2.99 3.78 3.38 9
14 4.03 4.76 4.39 15
15 3.81 4.36 4.09 14
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Sensitivity analysis
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Fig 4. Sensitivity analysis

Also, to illustrate the importance of evaluation criteria and their effects on the critical path selection, first, a pair of
criteria is considered for selecting critical path, in which time criterion, because of its importance, is considered in all
experiments. Afterwards, triple combination of efficient criteria is considered. The results of all experiments are shown
in Table X. The results demonstrate that by changing or ignoring some criteria, the critical path will be altered. In other
words, critical path depends on the efficient criteria and all criteria should be considered in the critical path problem. For
example, if time and cost criteria are considered, then critical path will change from path 12 to path 2, because other
conflicting criteria have effects on determining critical path. This trend has been illustrated in Table X.

VI. CONCLUSION

In this paper, a new multi-criteria analysis model based on compromise ratio method for fuzzy group decision making
problems was introduced under an IT2F-environment. Uncertainty is an inherent part of decision making in production
projects. Under this condition, experts or DMs may not be able to assign a certain number between [0,1] to explain their
assessment; in this paper, the importance of criteria (i.e., weights) and the rating of alternatives were described by
linguistic terms and, then, converted to IT2F numbers. IT2FSs provide more degrees of freedom than type-1 fuzzy sets
do. Furthermore, in order to deal with shortcomings of defuzzification, a new relative preference relation over the average
was used. A real case study of critical path selection for production project with considering conflict criteria was adopted
from the literature and solved. This analysis model was a beneficial procedure to solve multi-criteria decision-making
problems in a more flexible and more intelligent manner owing to the fact that it used IT2FSs instead of type-1 fuzzy sets
to demonstrate evaluating performance values and the weights of criteria. Moreover, the results of sensitivity analysis
showed that critical path selection problem depended on efficient criteria and by ignoring some of them, the criticality of

all paths would change. The critical path was insensitive to values of A and s , but it was very sensitive to the efficient
criteria. In fact, these criteria played an important role in the critical path selection problem of the production project.
From the viewpoint of project management, by specifying the critical path based on conflicting criteria, the project
manager could obtain useful information about manufacturing systems and concentrate the resources on critical activities
to reduce the time of production. In this paper, a new multi-criteria compromise ratio model was developed under IT2FSs
to better address the uncertainty of production projects in real-world conditions. Also, a new version of relative preference
relation was presented and applied to compute the weights of criteria for avoiding multiplying of two fuzzy decision
matrices; relative preference relation facilitated the calculations.
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TABLE XI. Sensitivity analysis of efficient criteria

Path | Time & cost | Time & risk | Time & quality | Time, cost & risk | Time, cost & quality | Time, risk & guality
1 1.789929 1.613087 1.715149 8.125782 1.743917 1.604067
2 1.006394 2.616421 1.780799 1.872019 1.054628 1.976987
3 1.743174 11.18011 2.623988 10.22701 1.579028 4.315368
4 1.768587 4517561 2.748314 5.21138 1.619031 2.535797
5 1.759152 9.572695 2.713733 9.032271 1.57718 3.740511
6 1.911133 9.498647 2.642481 2.59848 1.672641 3.50765
7 1.939972 4.270585 2.763915 7.086733 1.715268 2.297104
8 1.927251 8.343514 2.731843 18.32383 1.669561 3.156639
9 1.475951 1.220196 2.436713 4.623771 1.303837 4.504629
10 1.495623 6.612692 2.537893 3.646416 1.334414 2.622474
11 1.491692 5.06138 2.517974 4.415837 1.306442 3.886928
12 1.328045 1 2.136273 1.023019 2.041381 2
13 2.123984 4.280029 3.475988 10.0395 1.816589 2.262216
14 2.091411 9.579538 3.283374 9.5973 1.771609 3.425285
15 2.107683 8.403044 3.403268 3.38962 1.767425 3.091805
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