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Abstract- In this paper, an iterative algorithm for direction of arrival
(DoA) estimation of coherent sources with a uniform circular array
(UCA) is proposed. There is an additional error in the DoA estimation of
signals after mapping UCA to virtual uniform linear array (VULA), due
to approximation of beamspace transformation. This error depends on
the direction of emitters. In the proposed algorithm, the dominant term
of error is reduced using two beamformers. Then, the DoA of coherent
sources is estimated by construction of Toeplitz covariance matrix and
using the MUSIC algorithm. The processes of DoA estimation and
reduction of the approximation error are done iteratively. Also, an
analytical expression is derived for the approximation of bias for DoA
estimation of coherent sources. Simulation results show that the proposed
algorithm has a better performance in comparison to the conventional
methods.

Index Terms- Direction of arrival (DoA) estimation, coherent sources, uniform circular array
(UCA), beamspace transformation (BT), bias reduction.

I. INTRODUCTION

Direction of arrival (DoA) estimation is one of the most important research areas in array signal
processing which has so many applications in localization, tracking, surveillance, and navigation [1-4].
Sub-space based DoA estimation methods, such as MUSIC [5] and ESPRIT [6] which are based on the
Eigen structure of the received vector covariance matrix are the most powerful methods for DoA
estimation. However, these methods are unable to estimate the DoA of coherent sources. At the presence
of coherent sources, the source covariance matrix is not full-ranked (is rank deficient). Some modified
methods have been proposed for DoA estimation of coherent sources in uniform linear arrays (ULAS)

such as: Spatial Smoothing (SS) [7-10], reconstruction of the Toeplitz structure of covariance matrix

Manuscript received 15-March-2021 and revised 11-May-2021, P-1SSN: 2322-4088
Accepted on 13- June-2021 E-1SSN:2322-3936



159 DoA Estimation of coherent sources using UCA
[11-12], Spatial Differencing (SD) [13], M/(,,-MUSIC [14], and Beamspace matrix reconstruction
[15].

Uniform circular arrays (UCAS) have some advantages over ULAS such as uniform estimation error
over [0, 360]°. But the steering matrix of the UCA is not Vandermonde [16]. By using some
preprocessing operations, the UCA can be mapped to a virtual uniform linear array (VULA) with
Vandermonde structured steering vectors. Some examples of these mappings are Array Interpolation
Techniques (AIT) [17-18], Beamspace Transform (BT) [19-20] and Manifold Separation Technique
(MST) [21-22]. In these methods, the steering vectors of UCA are mapped to new steering vectors with
Vandermonde structure which is called VULA.

AIT uses a transformation matrix to map the steering vectors of UCA in some predefined and
guantized angles (called grid points) to the corresponding steering vectors of a ULA. By application of
this transformation, the power of noise vector is increased, because the transform matrix is usually ill-
conditioned [23]. In addition to this drawback, AIT leads to a considerable error, when the true DoAs
are not on the quantized grid points.

The Vanderomonde structure of ULA steering vectors makes it possible to use root-MUSIC
algorithm, which has a better performance in comparison to the MUSIC method. Since the steering
vector of UCA is not Vandermonde structured, root-MUSIC algorithm can not be applied directly. In
[24], MST was proposed to convert the steering vector of UCA, such that the root-MUSIC algorithm
can be applied. Since the root-MUSIC algorithm is unable to find the DoAs of correlated sources, then
the MST is not applicable for this purpose.

Based on the above discussion, among the aforementioned transforms, BT is a more suitable
transformation, which does not change the power of noise and as we will propose in this paper, it can
be used for DoA estimation of coherent sources. Using BT leads to the reduction of the complexity of
DoA estimation as well as performance improvement in comparison to the conventional element-space
methods [20]. But the mapping from element domain to beam domain produces additional errors which
can relieve these advantages.

Similar to ULAs, in UCAs, conventional subspace-based methods such as MUSIC are unable to
estimate the DoA of coherent sources. SS algorithm [25], Modified UCA-ESPRIT [26], MODE-TOEP
algorithm [26] and modified MUSIC algorithm [27] are some methods which have been proposed for
DoA estimation of coherent sources in circular arrays. Among these methods, the SS algorithm is more
complex due to use of sub-arrays, while Modified UCA-ESPRIT has lower computational complexities.
Furthermore, the last two algorithms can detect more coherent signals under certain conditions.

The accuracy of the above-mentioned algorithms is degraded due to the residual error caused by BT,
when it is applied to UCAs. In BT transformation, phase mode excitation principle is used to convert
the steering vectors of UCA to the steering vectors of a VULA. The approximation in this conversion

leads to residual errors, which introduces bias or additional error variance in DoA estimation [20]. Since
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the resulted error depends on the DoAs of signals, there is not a direct method to remove the residual
error and iterative methods must be used in which estimation of DoAs and removal of residual errors
are done iteratively.

In [20], it has been shown that the residual error of BT for noncoherent sources can be reduced
iteratively, but there is no proposed method for reduction of the residual error of BT for coherent
sources. In this paper, an Iterative Mode Toeplitz and Bias Removal (IMTBR) method for DoA
estimation of coherent sources in UCA has been proposed. At the first step of IMTBR, conventional
BT is applied to the UCA received vector and Toeplitz covariance matrix is constructed. Then, the
initial estimated DoAs are obtained by application of MUSIC algorithm to the Toeplitz structured
covariance matrix. This initial estimation has error due to the noise and bias caused by BT. At the
second step, the error caused by BT is reduced using the beamformers presented in [20] and the first
step is repeated. The processes of DoA estimation using Toeplitz structured covariance matrix and
removal of the dominant term of BT bias are repeated iteratively. Also, an analytical expression for the
first approximation of the bias in DoA estimation of the coherent sources is obtained.

The paper is structured as follows: In section Il, the system model of DoA estimation in circular
arrays is presented. In section Ill, phase mode excitation principle is described briefly. In section 1V,
BT is defined. The proposed iterative algorithm for DoA estimation of coherent sources is introduced
in section V. A first-order approximation of the bias in DoA estimation of coherent sources is obtained
in section VI. Computational complexity of the proposed method is calculated in section VII.
Simulation results are shown in section VIII. Finally, section XI concludes the paper.

Notations: Scalars, matrices and vectors are represented by normal letters, boldface uppercase and

boldface lowercase letters, respectively. C is the set of complex numbers, R represents the real part
operation, and diag{.} denotes a diagonal matrix. I, and Iv denote N xN identity and exchange
matrices, respectively. © is HadamardSchur (element by element) product and O denotes complexity
order. ()7, (), O, ()", () stand for the transpose, conjugate, conjugate transpose, inverse, and

pseudo-inverse, respectively.

Il. SYSTEM MODEL

It is assumed that there are K narrowband sources, and an ideal UCA consists of N(N > K) identical

and omnidirectional antennas located uniformly on a circle with radius r . The n-th antenna has been

located on a circle of radius r and in direction of 7n=%(n—0,1,.....,N71)- The Cartesian

coordinate of the n-th antenna is [rcos(%j’ rsin(%j, Oj' Assuming that coupling effects between

different antennas are zero, the output vector, x(t)eCN*!, at discrete time index t (the continuous
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equivalent time is tAt , where At is sampling period) can be represented as

x(t)=A(g)s(t)+n(t) Q)
where  s(t) = [s1(t), s5(t), ..., sk (t)]T € C**1 is the source signal vector and n(t) =
[ny(t), ny(t), ..., n (£)]T € €V denotes the noise vector. The noise of antennas is assumed to be
spatially and temporally white complex Gaussian random process with zero mean and similar variance

of o%. Also, A(g)e CV*k is the steering matrix which is defined by [20]

A(#) =[a(d).a(g,), - a(d)] @
where
a(@) _ |:ezjfcrfrcos(rziK ~70) , GZjZfrcoS(% -n) . ‘,e@cos(@ _le):| (3)

is the k -th column of A(¢) and ¢, is the angle of arrival of the k -th source as shown in Fig. 1. It has

been assumed that the sources and antennas are located at the same plane.

If £ isdefined by 2z fr/c, then a(g,) can be rewritten as

j - jccos(p —n i¢ cos(d—rna i
a(@):[e’g (Ar) giceostdn) i cos(h )] )

It is clearly obvious that the steering matrix of UCA is not VVandermonde structured, thus it is not
possible to use properties of Vandermonde matrices to estimate DoAs. Therefore, preprocessing
methods such as BT, which is based on the phase mode excitation principle, are used to map the steering

matrix of UCA array to a matrix with Vandermonde structure corresponding to a VULA.

I11. PHASE-MODE EXCITATION PRINCIPLE

The ideal configuration for applying phase-mode excitation principle is to consider a continuous array
that is not practically implementable [20]. Thus, we review the phase-mode excitation principle in
continuous circular array and then it is investigated in discrete case with uniform placement of N
elements in circular configuration. DoA problem is dual of beamforming. Thus, the principle of mode
excitation has been described based on beamforming in [20], which has been briefly described in the

following subsections.

A. Continuous Circular Aperture

Consider a continuous circular array that has been excited by the excitation function w(y),
0 <y <2x. It means that the point mounted on the array in angular position y is excited by the voltage

o(y) . Any excitation function in continuous circular aperture is periodic with period of 27 ,



Journal of Communication Engineering, Vol. 10, No.1, January-June 2021 162

A 7
I I e Sk
‘e
] oy . .
byl y
.
Y, ...~ n-thantenna

Fig. 1. UCA with N antenna.

and it can be shown by a Fourier series. Using Fourier series representation, the excitation function

o(y) can be expressed as w(y)= Y_ c,e'™ , where the m -th phase mode , (7)=e" is a spatial

m=—o0

harmonic to excite the array, and its corresponding coefficient is c,. In [20], the normalized far-field

pattern resulted from the m -th phase-mode is calculated as (5), which is shown in the next page.

1

fn: (¢) = ZJ.OZH @, (7,)ej§cos(¢*7)d y (5)

The superscript ¢ stands for continuous case. This pattern can be expressed in terms of Bessel
function [20]:

fa(@)=i"3,(¢)e™ (6)
where J, (&) is the Bessel function of the first kind of order m. The term e'™ in (6) shows that the
far filed pattern has the same variation with ¢ as the m-th phase mode excitation, @, (y)=e.

Therefore, different excitations with proper coefficients, c,, , can be used to produce any far-field pattern

in continuous circular arrays. Due to the amplitude and the elevation dependence of the far-field pattern
via the Bessel function, only a finite number of modes can be excited by a given circular aperture. To

calculate the highest excitable order mode (M ), it should be considered that the amplitude of the m -

th excited mode is J,, (¢) and the value of the Bessel function is negligible when the arguments of this
function exceeds its order i.e., ¢ >m. Thus, the highest excitable mode, J, (), is the highest integer

that M <¢ =27z fr/c and excitable modes are me[-M,M].

B. Discrete Uniform Circular Array

In a discrete version of circular array (UCA), a limited number of antennas are uniformly placed on

acircle (at angular positions y,,7;,.....7y_ )- The normalized beamforming weight vector that excites the

array with phase mode me[—M,M] changes to The superscripts stands for sampled or
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27m 2zm(N-1) M
W :i ejmyo,ejm}/l,-‘.,ejm}/N—l H zi 1,eJT,...,eJ N (7)
" N N

The resulting array pattern is

N—
fn: (¢) =W a Z menelécos $=7n) (8)

n=0

discrete array. In [20], it has been shown that this pattern for |m| <M can be written as

fo(¢)=i"3,(<)e™ +i(ngg (&)e ™+ j“Jh(g)eW) 9)

where h=Ng+m and g=Ng-m. In (9), the principal term (the first term) is equal to the far-field

pattern of continuous aperture as shown in (6). The two other terms, which are called the residual terms
are resulted from sampling of continuous aperture. Thus, the residual error term is defined by

=319, (£)e ™ + '3, (£)e™) (10)
g=1

and (9) can be rewritten as
fo( @ = "™ (DeT™ +€ () (11)
In order to obtain the ideal case performance, the residual term must be minimized. In [20], it has
been shown that if N >2m, then the principal term in (11) is dominant one. Since the highest excited
mode is M , then the number of elements, must be chosen such that N >2m . This result looks like the
Nyquist sampling criterion in which M defines the maximum spatial component for array excitation.
Although the above limitation on the number of elements guarantees that the principle term is
dominant, but the residual term may still be considerable. To show this phenomenon, we have calculated
the main term and residual error terms for a UCA with M =3 excitable modes (f =1GH ,

r=Mc/2xzf). Table | shows the values of different terms of (11), for m=-3,-2,-1,0,1,2,3 in case
of $=50".
It is observed that the main term is more significant in comparison to the residual terms. Also, the

residual error term for q=1 is considerable. Therefore, we only consider the residual errors resulted

from q=1. Thus, the resulting array pattern is approximated by

fa(@) = 173, ()™ + 1N "3 (§)e ™™ 4 MM ($)e (12)
If the number of antennas of UCA, N , is chosen such that the residual terms are negligible for mode

orders |m|§ M, the array patterns for discrete aperture UCA are identical to continuous circular

aperture. Then the residual term can be ignored and we can use the following approximation

fa(@) = i"3,,()e™ (13)
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Table I. The values of different terms of array pattern at ¢ =50

Error term (q =3)

m Main term Errorterm (q=1) | Errorterm (q=2)

-3 3.0906x107* 4.3028 %1072 2.6591x107° 8.8116x107Y

-2 4.8609x10™ 1.1396 %1072 2.8800x10°® 6.0348x107*

-1 3.3906x10" 2.5340x107 2.9306x10°® 3.9594 %107
0 2.6005x10" 7.5600x10°° 9.5466x10°® 2.4793x107%
1 3.3906x10" 2.5340x107 2.9306x10°® 3.9594 %107
2 4.8609x10™" 1.1396 %102 2.8800x10°® 6.0348x107*®
3 3.0906x10 4.3028 %1072 2.6591x10°° 8.8116x107Y

IV. BEAMSPACE TRANSFORM

The BT maps the steering vectors of UCA into the steering vectors of a VULA with Vandermonde
structure. This transform makes it possible to apply some widely used and efficient methods for UCA
that were originally designed for ULA, such as root-MUSIC, ESPRIT, and SS [20].

In [20], the matrix F." has been used to transform element space to beamspace. The UCA steering
vector of (4) is mapped to the VULA array through this beamformer, which is defined by
F'=CV" (14)
where C, =diag{j‘M VU I R j‘M} and V=+N[w_,,,...,W,,....w,, ]. The columns of V,

(Nw,,m=-M,-M +1,..,M —1,M) are defined by (7). Applying beamformer F"" to the UCA
steering vector, based on (9) and (13), the new steering vector is obtained as

a,(4)=F"a(g)=C,V"a(4 ) =VNC,[W_y ,..W,,...w,, ]" a(¢,)
=JNC,[w" a(g),...w a(4,),....w a(g )" 15
SINC L3 (™ 1350, M3 (4T

Using the property J_, (£)=(-)"J,,,(£) . (15) can be rewritten as

. () = NC,diag{(~§)™ 3 (£)e ™1 36 (£),vns 1" Iy (£)e ™ |

_ _ (16)
=Ndiag{J, (£)e ™ ... 35 (&) Iy (£)e M} =INJE(¢,)
where
é(¢k)=[e’“"@ v, @ QIO el aIMA T (17)

is the steering vector of VULA with Vandemonde structure and
J; :diag{‘]M (;)!---v‘ll(;)! Jo(g)'Jl(g)""’JM (g)} (18)

The obtained new steering vector in (16) is an approximation and to make it more accurate, two
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additional terms are also taken into account in [20]. Thus, a more accurate representation of a, (g4, ) is

as follows

a, (4 )=vNJI_(a(4)+Ad, (¢ )+Ad,(4,)) (19)

where Ad;(#) =J7'C, €D (4,) and €D (4,) =eM (4,) +e (4,) such that el (4,) and

eV (¢, ) are defined as follows:

j(N+M)‘]N+M (é,)e—j(NJrM)qa(
j(r\1+M—1)JNHVH(é,)e—j(NJfr\A-lWK

¢’ (4)= "3y (¢)e (20)

j(N7M+l)‘]N—M+1(g)eij(NiMJrlm(
_j(N_M)Jme (g)e—J(N-MM

j(N_M)JN,M (;)ej(N-M)@
j(N—M+1)JN7M+l(é/)ej(N—M+l)¢K

e (¢)= M3, (&)l (21)

j(NJrM—l)‘]N+M_l(é/)ej(NJrM—l)r;ﬁK
_j(N+M)\]N+M (é/)ej(N+M)¢\(

Since Ad, (¢, ) includes high order error terms in (19) and considerably small compared to Ad, (4, )

, thus equation (19) can be approximated as

3, () ~VNJ, (a(4) +Ad, (4)) (22)

V. IMTBR ALGORITHM FOR DOA ESTIMATION OF COHERENT SOURCES

In [20], a modified BT, based on phase-mode excitation principle, is introduced. This transform
performs mapping from element-space to beamspace domain by taking into account the error caused
by the transform. The authors proposed an iterative technique to remove the bias introduced by the BT
in the DoA estimation. In addition, they have derived an expression, which approximates the bias in
DoA estimation caused by BT transform.

In this section, we present an algorithm using two beamformers, Fe:' and Fez' , Which are introduced
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in [20] to improve the accuracy of DoA estimation of coherent sources. Applying the BT of (14) to the

output vector of the array, x(t), the new vector, y(t), can be obtained as

y(t)=F'x(t)=F"As(t)+F'n(t)= \/W(JgA(¢)+JgAdl(¢))s(t)+FeHn(t)

3 . . (23)
=N(3A@)+C, () @)+ @) )s(t)+ Fn(t)

where A(¢)=[é(¢l), a(d,), .. a(¢ )] is the VULA steering matrix,

Ad, (¢) =[Ad(4,),Ad(4,),...Ad(4 )], e (P [e (8,) € (4,), - € (8] and

e (9)=[ & (4).€ (¢)” ()]

In order to improve the accuracy of DoA estimation of coherent sources in UCA, we use two

beamformers which are presented in [20]:

F, =J/NA'[" (g)]"C! (24)
F, =J/NA'[&" (g)]"C!! (25)

where A' =A(¢§)(A” (q@)A(q?))_l. Applying these two beamformers to the array output vector, two

output vectors ¥, (t) and ¥, (t) are obtained as

¥, (t)= F:x(t)=(\/WCVefl)(¢))s(t)+F:n(t) (26)
7, (1) =F'x(t) = (VNC,e (4))s(t) + Fi'n(t) @7)

To eliminate the bias, we have to remove the difference between the beamspace data vector y(t) and
Y. (t)+¥,(t) as
§(0)=y(t)=(5: () + 9, (1) = (R = (R + B ))x(t) = VNI A(g)s(t) + (R - (R +F))n(t) (28)
Since Il ”(#)I,<1 and Il e’ (4, <1, then (F'—F'—F") is very close to unitary and
(R -F' -FE))F' -F'-F)" ~F'F, =1,,,,. Therefore, the statistics of the noise will not be

changed considerably.

When the signals are coherent, the source covariance matrix is not full-rank and the MUSIC algorithm
is not applicable to estimate the DoAs of coherent signals. Thus, we have to make the source covariance
matrix full-rank. This matrix can be obtained by using the MODE-TOEP algorithm which is proposed
in [27].

-1

J
By the multiplication of the beamspace vector, y(t) in (23), by the matrix —— , the new vector, z(t)

IN

, can be obtained as
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-1

J -
2(t) :Tily“) = (A(g)+Ad,(9))s(t) +A(t) (29)

J—l
where RA(t) :Tél;lFeHn(t) . Since the matrix J;l is diagonal, then the new noise vector fA(t) is non-

uniform, but still uncorrelated. Considering K coherent signals received at array such that

(sk ) =ps, ). k=2,..., K) and also the central virtual antenna as the reference, the received signal in
the h-th virtual antenna at discrete time index t can be expressed as

20 =2 (8 (4)+ Ads, ()5, (0)+5, (1
= (30)

K
=5, (&, () +Ady, (4 )04 +7, (t),h=12,..,.2M +1
k=1
In (30), &,(¢4 ), Ady, (4 ), z,(t) and fi, (t) are the h-th elements of the vectors &(g, ), Ad,(4),
z(t) and A(t), respectively. Also, s, (t) is the k -th elements of the vector s(t). For the simplicity,

we have considered that the signal of the sources is completely correlated. It means that the absolute
value of the correlation coefficient between any pair of the sources is equal to one. The proposed
algorithm also works for the cases where the signals are partially correlated.

Spatial correlation between the reference and the h-th virtual antenna can be defined by
r(M+1-h)= E{z,,®z 0} (31)
It is noteworthy that z,,,(t) is the signal of the virtual reference antenna. Also, with some

modification, we can rewrite the equation (31) as follows:

K K K K
r(M +1_h)= PzzpppqéM+l(¢p)éh(¢q)+ Pzzpppq (aM+l(¢p)+Adl,M+1(¢p))Adl,h(¢q)
p=1q=1 p=1g=1
C o« (32)
+PY > 0, oAy 1 (8,)8(8,) + 670y 1 h=12,,...,2M +1
p=1g=1

K

where P=E{s, (t)s; ()}, 6° =E{fi,, (t), ., (1)}, and &,,,,, is Dirac delta function which is equal

to one when h=M +1, otherwise it is zero. The covariance matrix with Toeplitz structure is defined

as follows:
r(0) r(-1) - r(-M)

r.=| "W IO MG cet () +B(g)+ 71, (33)
r(M) r(M-1) - r(0)

K
where C=diag{c,,c,,....c,} with ¢, =Pp,>_p,, G(4) is the steering matrix of a linear array with
p=1

M antennas which can be expressed as (34).
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ol glh . ol
G()=| . . . (34)
oM gMe L oMk

and B(¢) can be defined as

bM+1,M+1(¢) bM+1,M+2(¢) bM+1,2M+1(¢)
bM+l,M(¢) bM+1,M+1(¢) bM+1,2M(¢)

B(¢) - . . . . (35)
bM+1,1(¢) bM+1,2 (¢) bM+1,M+1(¢)
where by, (¢) is
M+lh Pz_lzlppqudlMH.( ) ( )+ Pz_lzlp Py (aM+1( )+Ad1,M+l (¢p ))Adl*,h (¢q) (36)

,h=12,,..,2M+1
As can be seen from (32) and (33), although the powers of the elements of the noise vector, A(t) , are
not the same, but the effect of the noise after Toeplitz construction of covariance matrix is appeared as
6°l,,.,,. It means that the power of noise is distributed uniformly among the components of VULA.
Equation (33) has the form of the autocorrelation matrix in DoA estimation methods except the term
B(¢) that must be eliminated. In the first step of the proposed algorithm, by applying the BT transform

to the output vector of the array, the beamspace vector, y(t), can be derived. Then, y(t) is multiplied

J—l
by —— to generate the new vector z(t). In practice the covariance matrix, R, , is unavailable and it
JIN :

can be estimated from L snapshots of the received signal vector as follows:

FO)  F(=1) - F(=M)
(R f0) o F(-M+D)

f(ﬂﬂ) f(hA-l) . f(b)

1¢ N . .
where f(M +1-h) —EZZM+1 z,(t). DoAs are estimated using the MUSIC or root-MUSIC
t=1

37)

algorithm while neglecting the effect of B(¢). In the next step, using the estimated DoAs, ¢, we
calculate € (¢) and €\ (¢) using (20) and (21), and F, and F, are generated using (24) and (25).
Then ¥, (t)=F'x(t) and ¥, (t)=F.'x(t) are calculated using (26) and (27). y(t) will be derived after

subtracting ¥, (t) +¥,(t) from y(t). Using y(t), we can estimate the new IQC . In this procedure,
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> y(1)=R'(t)

\4

v(t -1 L . R
g, z(t):%y(t) —> (M +1—h):%;zw(t)zh (t) > Calculation of R_ from (37) —» MUSIC

Y
»D
[N

e (e R =& )] e

»N &
LAV

A

?lf () [ R =VNAT [ (9)]

Fig. 2. Block diagram of the proposed IMTBR algorithm.

by repeating the aforementioned steps, the effect of B(¢) will be eliminated and we can have a more

accurate estimation of DoAs. The proposed method is terminated if | " — 4" Il ,< 7 or the maximum

number of iterations is reached, where 7 is a predefined estimation error and the superscript i stands

for
Fig

the iteration. The proposed IMTBR algorithm is summarized in Algorithm 1.
. 2 demonstrates the block diagram of the proposed algorithm in order to increase the accuracy of

coherent sources DoA estimation.

Algorithm 1 Iterative Mode Toeplitz and Bias Removal

Input: x(t),t =1,2,..., L, number of iterations, N,,, and = .
N A A A T

Output: §=[¢,4,....dx |

Initialization: i=0

Step 1:

a. Apply beamspace transform to the output vector of the array, x(t), and obtain the initial beamspace

vector as y(t) = F/'x(t).

b. Multiply the beamspace vector, y(t), by j_l to yield z(t) and then estimate the covariance matrix of
N

VULA using L snapshots of z(t) as (37).

c. Estimate the initial DoAs, ¢, using the MUSIC or root-MUSIC algorithm.

di=i+l
Step 2:
while (i < N, )do

a. Calculate the € (4 ?) and € (4 ?) for k=12,...K using (20) and (21), respectively.

. . R .
b. Calculate the estimated UCA steering matrix with ¢ : according to (2), and consequently,

-1

A" =A@ (A" (HAWD)
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¢. Form the beamformers F; and Fet' using (24) and (25), respectively.

d. Calculate the correction vectors, y,(t) =F'x(t) and g, (t) =F'x(t) -

e. Obtain y(t) =y(t) —(¥,(t) +¥,(t)).

-1

J
f. Multiply y(t) by —— to yield z(t) and then re-estimate the covariance matrix.

N
g. Compute the next estimation of the DoAs using MUSIC or root-MUSIC
algorithm.
h i=i+1
if I g0 —g"V1,<7 then
Stop the procedure and exit the loop
end if

end while

VI. IMPACT OF THE RESIDUAL ERROR ON THE SIGNAL AND NOISE SUBSPACES

As shown in (33), the transformation error, Ad,, will be appeared as the matrix B(¢) in the
covariance matrix R, . The IMTBR method eliminates the effect of this error iteratively. In this

section, we will show that if the estimation and elimination of this error is not performed, we have a
bias in the estimated DoAs.

The Eigen decomposition of the Toeplitz covariance matrix, R, can be written as
E!' +o’E E"

W H (38)
=(E, +AE,)(A, +AA,)(E, +AE,)" +0°(E, +AE, )(E, +AE,)

R, = EAE" = E.A
where E, =E, +AE, denotes perturbed signal subspace eigenvectors, A, =A,+AA, shows the
eigenvalues associated with the signal subspace and EH =E, +AE, presents perturbed noise subspace

eigenvectors. The columns of the matrices E,, E, and diagonal elements of the matrix A, contain the

true signal subspace Eigen vectors, true noise subspace Eigen vectors and true signal subspaces Eigen

values, respectively. Similarly, AE;, AE,, and AA, contain the errors of signal subspace Eigen

vectors, the noise subspace Eigen vectors and the signal subspaces Eigen values due to the effect of

B(¢) , respectively. From (38), for k =1,2,...,K the following relationships are valid:
9" (4)E, %0 (39)
9" (4 )E, =0 (40)

where g(¢,) is the k -th column of the matrix G(¢). In the MUSIC algorithm, DoAs are estimated
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through finding some values of ¢ which minimize the following relationship
f(4)=9"(#)E,E;'9(9). (41)
Using Eigen decomposition, we have
R.E, =G6"E, (42)
Substituting the R, from (33) in (42), we have
(G(¢#)CG" (4)+B(¢)+5°1)E, =6°E, (43)
Considering E, =E, +AE, and G" ($)E, =0, (44) will be derived.
,=-(G(4)CcG" (4)+B(4))*B(H)E, (44)
The first-order expansion of f'(¢) can be used to evaluate the estimation error. If the error is

considered to be small enough, the first-order expansion of f (¢) about gz?k is written as follows:

0=f'(A)=f (4)+ T () —4) (45)
From (41), the first-order derivative of f(¢,) can be obtained as
f0)= 9" (A)EE)a(4)+0" (A)EE)T (4)= 29" (4)E,E 9 (4] (46)
where g () is
0
g‘(¢k)=%f“)= e (@)
jMe M

Considering EH =E, +AE, , the first-order derivative of f (4, ) can be rewritten as

X ' H
' (d)=2%]g" (4)(E, +AE, )(E, + 4E,)" o(d)] 48)
From (40) and (44) and by neglecting the terms that orders higher than one, the first-order derivative

of f(¢,) can be derived as follows:
f'(a)~-2%{g" (4)E,EB" (4)(G(9) 9)+B" (9))a(4.)] (49)

Similarly, the second order derivative would be as

=m0 (E g 60" (e 2L (aocte ()% 6) 'ala)

+g" (4)EE1B" (9)D(9)a(4) +(6(9)C"6" (9)+8" (9)) g ()

(50)

where g'(¢,), D(¢), ag;f) , are defined as (51)-(53)

k
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0
. o —el*
9 (¢)= gq(gk): : (51)
—M M

e R e e )

op, 0, o, (52)
(G(¢)C"G" (9)+B" (¢))
_abM+1,M+l (¢) abM +1,M+2 (¢) abM+l,2M+l (¢)_
0 0, o9,
abM+lM (¢) abM+12M (¢)
oB(g) | —rmit o M AT
od a;@ : 5 % >
abM +1,1(¢) abM +1,2 (¢) abM +1,M +1(¢)
o, oh T o |
In (53), By11 (4) can be defined as
¢,
abM +1,h ¢ aAdl,M +1 ¢k o * % aé‘; ¢k * c
5@( ):P a¢k( )pképqah<¢q)+P#pkéqudl,M+l(¢q)+
08y (8)+Adyy 1 (4,))) & ond:, (4)) L& (54)
p w1 (D o 1M1\ ]Pk%p‘:Adzh (¢q)+ P[#]p:;pq (é:M+l(¢q)+Ad1,h(¢q))
Combining (49) with (50), estimation error for the k -th source is
7 f(¢k)
b—b )=~ (55)
(4-4) (4.)

In the next section, this bias term is derived using simulations and numerical methods.

VIl. COMPUTATIONAL COMPLEXITY

In this section, the computational complexity of the proposed method is investigated based on the
implementation details, which are introduced in section V. Also, we compare the complexity order
of the proposed method with the previous ones, MODE-TOEP [26], Forward Backward Spatial
Smoothing (FBSS) [28], and Modified UCA-ESPRIT [29].

In our proposed method, calculation of the initial beamspace vectors, y(t),t=1,...,L, has the

Jfl
complexity order of O(MNL) . The complexities of —=y(t) and construction of the Toeplitz structured

N
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covariance matrix are O(ML) . The main steps of MUSIC algorithm are calculation of noise subspace
using Eigen decomposition, calculation of spatial spectrum and finding its peak values. The orders of
the complexity of the first two steps of MUSIC algorithm are O(M?®), O(M?), respectively. The
complexity of the third step can be ignored, because after the first iteration, we can limit the search area

of spatial spectrum around the estimated values of DoAs. For computation of F, and F, , pseudo

inverse of N xK matrix, A(¢), must be calculated, which has the complexity of O(NK?). The
complexity order of calculation of ¥, (t) and y,(t) for all snapshots is O(MNL).

In MODE-TOEP method, after the application of BT and construction of Toeplitz covariance matrix,
MUSIC algorithm is applied to find DoAs. In this method, the residual error of BT is hot compensated.
FBSS is one of the most important techniques in DoA estimation of coherent sources [28]. In this
algorithm after the application of BT, the main array (in our case VULA array) is divided into multiple
overlapping sub-arrays. In each sub-array, the covariance matrix will be estimated. The final forward

backward smoothed covariance matrix is given by [28]

D ~ ~
R, = %ZH,T[J?FQHRXFEJjJr Lowa (IR R FI) Tawa]H, (56)
1=1

where H, :[e,,e,ﬂ,...,e,ﬂofl] with e, denoting the I -th column of the identity matrix of size 2M +1,

D is the number of sub-arrays, and L, =2M — D + 2 is the sub-array length.

Both FBSS and MODE-TOEP methods are applied after BT, thus they have the complexity order of
O(MNL)+O(ML) for calculation of z(t),t=12,...,L using (23) and (29). The main difference

between FBSS and MODE-TOEP is type of construction of covariance matrix and its dimension.
Dimension of covariance matrix in FBSS method is L, x L, while itis (M +1)x(M +1) in MODE-
TOEP and IMTBR methods. Based on (56), the complexity order of calculation of covariance matrix
in FBSS method is O(DN’L). Also, the complexity of MUSIC algorithm for FBSS method is
OL)+0(L3). Therefore, the total complexity order of FBSS is
O(MNL) + O(ML) + O(DN?L) +O(L3) + O(L3) .

Similar to FBSS and MODE-TOEP methods, Modified UCA-ESPRIT is applied after BT.
Complexity order of this step is O(MNL) +O(ML) . In the second step, a Hermitian Toeplitz covariance
matrix can be reconstructed from the obtained vectors with complexity of O(MZL). Finally, the DoAs
are estimated by applying ESPRIT method on the obtained covariance matrix, where its complexity is
O(M?). Table 1l shows the complexity order of IMTBR, MODE-TOEP, FBSS and Modified UCA-
ESPRIT algorithms.
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Table 1. Comparison of computational complexity.

Algorithms Complexity order Dominant terms
O(MNL) + O(N,,ML) + O(N,,ML) + O(N,,M?) + O(N,,M?
IMTBR-MUSIC +<E)(Nm|)\u<2)(+ g(N:,NKZ() +mco(r\1)mMr\1(|_)m+ (’)()le\/TNIir) ) O, MNL)
MODE-TOEP O(MNL) + O(ML) + O(ML) + O(M?) + O(M?) O(MNL)
FBSS O(MNL) + O(ML) + O(DN’L) + O(L3) + O(L2) O(DN?L)
Modified UCA-ESPRIT O(MNL) +O(ML) + O(M?) O(MNL)

Since L islargerthan N, M, K, L, and D, the dominant terms of complexity order of IMTBR-
MUSIC, MODE-TOEP, FBSS, and Modified UCA-ESPRIT algorithms are O(N;,MNL), O(MNL),

O(DNZL), O(MNL), respectively. Since M > N and D is of order of N, (both are assumed to be

itr
3 in simulations), the complexity of IMTBR is less than FBSS and higher than MODE-TOEP and
Modified UCA-ESPRIT. Simulation results in next section shows that IMTBR with only three iterations
can achieve better performance with respect to estimation error in comparison to FBSS, MODE-TOEP
and Modified UCA-ESPRIT methods. Thus, the cost of higher complexity in comparison to MODE-

TOEP and Modified UCA-ESPRIT methods is reasonable against this profit.
VIIl. SIMULATION RESULTS

In this section, the performance of IMTBR method will be evaluated for the DoA estimation of
coherent sources. Also, the performance of IMTBR method is compared with the previous ones,
MODE-TOEP [26], FBSS [28] and Modified UCA-ESPRIT [29]. Depending on the application of
MUSIC or root-MUSIC algorithm in each iteration (see Fig. 2), the proposed algorithm is called
IMTBR-MUSIC and IMTBR-root MUSIC, respectively. Root Mean Square Error (RMSE) is used as a
performance metric to evaluate the accuracy of DoA estimation methods and it is defined as follows
[30]:

RMSEzJN L kK NMC(% ~4.) (57)

MC X K =1 e=1

where ¢Ak,e is the estimation of ¢, in the e -th Monte-Carlo trial. The number of Monte-Carlo trials is

assumed to be N,,. =1000.
Cramér-Rao Bound (CRB) is an upper bound on the performance (lower bound on the error variance)
of any unbiased estimation method. CRB for DoA estimation of coherent sources is obtained as [31]

CRB, =L [ (D" 1, - AWAW" AW AW Do (RAW'RAGR) | 69
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Fig. 3. Comparison between the spatial spectrum of different algorithms: IMTBR-MUSIC, MODE-TOEP, and FBSS with
L = 500 and SNR = 10dB for two coherent sources with angles ¢ =50" and ¢, =140,

where D ={da(¢l) , da(4;) da(¢)
dg ~ dg, dg,

entry of the matrix CRB, is equal to CRB of the DoA estimation error of the k -th source. Average

}, R, =E{s(t)s" (t)}, and R, =E{x(t)x"(t)}. The (k,k)-th

CRB is obtained by taking average of the CRB of K sources. For two sources with powers of

P=[R Pz]T and correlation coefficient of p, ,, the above-mentioned matrices can be calculated as

P2+ RP, }

l: i
S
ﬁl,Z 12 2

P, PP, [[a"
R, = [a(4) a(%)]{ . pm/i}{a (¢1)}r02|N (60)

P2 PR, P a" (¢2)

In the first set of simulations, it is assumed that there are two coherent narrowband signals with

(59)

azimuths ¢ =50", ¢, =140", a UCA with radius r =Mc/2zf , f =1GHz and N =8 antennas. Also,

by assuming M =3, the virtual array contains 7 antennas. In IMTBR method, it has been assumed that
the maximum number of iterations is N,, =3, while the stopping threshold in Algorithm 1 is chosen
r=107,

Fig. 3 shows the spatial spectrums of FBSS, MODE-TOEP, and IMTBR-MUSIC after 3 iterations at
SNR = 10dB and L =500. It is observed that the peaks of spatial spectrum in IMTBR algorithm are
more accurate and sharper than the other ones.

Fig. 4 depicts the RMSE of proposed algorithm with different number of iterations for two coherent
sources. Increasing SNR will improve the performance of IMTBR algorithm in different iterations. As
shown in this figure, the estimation accuracy of proposed algorithm in different iterations using MUSIC
or root-MUSIC is almost the same. Simulation results show that the proposed IMTBR algorithm
converges after 3 iterations and its performance is very close to CRB.
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Fig. 4. RMSE of proposed IMTBR method versus SNR using different iterations for two coherent sources with ¢ = 50"
and ¢, =140", L = 500 and stopping threshold 7 =107,
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Fig. 5. Comparison between the RMSE of FBSS, MODE-TOEP and IMTBR methods versus SNR for two coherent sources
with ¢ =50", ¢, =140", L = 50, stopping threshold for IMTBR-MUSIC 7 =107 and N, =3.

Fig. 5 shows the RMSE of IMTBR method for DoA estimation of two coherent signals in comparison
to FBSS and MODE-TOEP algorithms. The results indicate that increasing SNR will improve the
performance of algorithms. It can be observed that the RMSE of proposed algorithm is lower than that
of MODE-TOEP and FBSS. In MODE-TOEP and FBSS algorithms, the residual error of BT is not
compensated. Hence, performance of these algorithms is saturated when SNR is increased, which is
due to the BT residual error, while IMTBR does not suffer from error saturation.

In Fig. 6, the RMSE of IMTBR has been compared with MODE-TOEP and FBSS algorithms for the
different number of snapshots, L. In this figure, the SNR is equal to 0dB. It is observed that the IMTBR
has a better performance than that of MODE-TOEP and FBSS algorithms. Although by increasing the
number of snapshots we achieve a better approximation of covariance matrix, but the RMSE of MODE-

TOEP and FBSS algorithms is saturated due to the residual error of BT.
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Fig. 6. Comparison between the RMSE of FBSS, MODE-TOEP and IMTBR methods versus number of snapshots,
L, for two coherent sources with ¢ =50" and ¢, =140, stopping threshold for IMTBR-MUSIC 7 =107 and
N,, =3 at SNR = 0dB.
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Fig. 7. RMSE versus SNR for two partially correlated sources with different correlation coefficients, ¢ =50", ¢, =140,

L = 256, stopping threshold for IMTBR-MUSIC 7=10"7 and N, =3.

In Fig. 7, two sources with different correlation coefficients are assumed and the RMSE of proposed

algorithm is compared with CRB. It is observed that the proposed algorithm also works well (close to

CRB) for the cases where the signals are partially correlated.
In Fig. 8, the effect of the residual error on the performance of MODE-TOEP method is illustrated.

In this figure, we have shown the bias of DoA estimation using simulation results and then it has been
calculated using the results of section V1. As can be seen, first order approximation which is derived in
section VI for the bias of DoA estimation of coherent sources using BT is completely matched with
simulations. It is noteworthy that when the SNR increases, the RMSE of estimation decreases.
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Fig. 8. Comparison between the RMSE of MODE-TOEP method using MUSIC algorithm and the first-order
approximation of the bias for two coherent sources with azimuths ¢ =50, ¢, =140" and L = 256.
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Fig. 9. Comparison between the RMSE of Modified UCA-ESPRIT, FBSS, MODE-TOEP and IMTBR methods versus
different number of antennas, N, for two coherent sources with ¢ =507, &, =140", L = 100, SNR = 25dB, stopping

threshold for IMTBR-MUSIC 7 =107 and N,, =3.

However, a bias term appears as an error floor.
In the next simulation, RMSE of different methods versus number of UCA antennas, N, is evaluated.

Similar to the previous simulations, two coherent sources with DoAs ¢, = 50", #, =140 are considered.

As shown in Fig. 9, RMSE of different methods is decreased by increasing the number of antennas. The
obtained results show that the IMTBR method has lower RMSE in comparison with the Modified UCA-

ESPRIT, FBSS and MODE-TEOP methods.
Following, we consider a case that the number of coherent sources is K =3 with angles ¢ =50,

#, =140 and ¢, =250 . The RMSE of different methods are compared in Fig. 10. As can be observed
from this figure, by increasing the SNR of received vectors, the RMSE of IMTBR method is decreased,

whereas, the other methods have a fixed.
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Fig. 10. Comparison between the RMSE of Modified UCA-ESPRIT, FBSS, MODE-TOEP and IMTBR methods versus
SNR, for three coherent sources with ¢ =50", ¢, =140", ¢, =250", L = 1000, stopping threshold for IMTBR-MUSIC

=107 and N, =3.
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Fig. 11. RMSE of IMTBR method for K =2 coherent sources at SNR=50dB, L = 1000, ¢ =50" and ¢, =[5,360] ,
N =8, M =3, stopping threshold for IMTBR-MUSIC 7=107,and N, =3.

In the last simulation, the effect of closely spaced sources is investigated. In this simulation, two

coherent sources are considered, wherein the first source is fixed with ¢ =50, while the angle of the

second source is varied in &, =[5.360]Q with 5-degree steps. Figure 11 shows the RMSE of IMTBR

method for L=1000 and SNR = 50dB. As can be seen, when two sources are not closely spaced, the

RMSE of IMTBR method tends to zero. However, by decreasing the difference of DoAs, the angle of

one of sources will be estimated with high error.
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IX. CONCLUSION

In this paper, a new algorithm for DoA estimation of coherent sources with the UCA is proposed. At
the first step the steering vectors of UCA is mapped to the steering vector of an array with the
Vandermonde structure, using the beamspace transformation. This transformation method causes an
additional error in DoA estimation, which is a function of direction of emitters. To reduce the RMSE
of DoA estimation of the coherent sources in UCA, an iterative algorithm was proposed. The MODE-
TOEP algorithm was used to overcome the source correlation problem and the MUSIC algorithm was
used for DoA estimation. In this algorithm, the dominant error term is reduced using two beamformers
and the first-order approximation of bias for the DoA estimation of coherent sources
was derived. Finally, the simulation results showed that the proposed algorithm has lower RMSE
compared to the conventional algorithms and its performance is very close to CRB.
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